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Abstract. The classes of exact multi line soliton, periodic solutions and 
solutions with functional parameters, with constant asymptotic values at infinity 
u|^2_|_^2_j OQ — > — e, for the hyperbolic and elliptic versions of the Nizhnik-Veselov- 
Novikov (NVN) equation via 9-dressing method of Zakharov and Manakov were 
constructed. 

At fixed time these solutions are exactly solvable potentials correspondingly 
for one-dimensional perturbed telegraph and two-dimensional stationary 
Schrodinger equations. Physical meaning of stationary states of quantum particle 
in exact one line and two line soliton potential valleys was discussed. 

In the limit e — ► exact special solutions «W, ti' 2 ' (line solitons and periodic 
solutions) were found which sum + (linear superposition) is also exact 
solution of NVN equation. 



PACS numbers: 02.30.1k, 02.30.Jr, 02.30. Zz, 05.45.Yv 

1. Introduction 

Exact solutions of differential equations of mathematical physics, linear and nonlinear, 
are very important for the understanding of various physical phenomena. In the last 
three decades the Inverse Scattering Transform (1ST) method has been generalized 
and successfully applied to several two-dimensional nonlinear evolution equations such 
as Kadomtsev-Petviashvili, Davey-Stewartson, Nizhnik-Veselov-Novikov, Zakharov- 
Manakov system, Ishimori, two-dimensional integrable Sin-Gordon and others (see 
books [T]-[l] and references therein). 

The extension of nonlocal Riemann-Hilbert problem by Zakharov and Manakov [5] 
and 9-problem approach [6] led to the discovery of more general <9-dressing method [7]- 
[10] which became very powerful method for solving two-dimensional integrable 
nonlinear evolution equations. In the present paper the 9-dressing method of Zakharov 
and Manakov was used for the construction of the classes of exact multisoliton and 
periodic solutions of the famous (2+l)-dimensional Nizhnik-Veselov-Novikov (NVN) 
integrable equation 

u t + Kiu^ + K 2 u. mq + 3k 1 (uc*~ 1 u^)5 + 3K 2 (ud^ 1 u, l ) ri = 0, (1.1) 

where u(£, ?y, t) is scalar function, k\ , k 2 are arbitrary constants, £ = x+ay, rj = x—oy. 
and a 2 = ±1; c% = J|, d v = ^- and , d~ x are operators inverse to and d^: 
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d- l d r ,=d£ 1 dt = l. Equation (JO} was first introduced and studied by Nizhnik [TT] 
for hyperbolic version (NVN-II equation) with a — 1 and independently by Veselov 
and Novikov [12 for elliptic version (NVN-I equation) with a = i, Ki — ~k 2 — «■ The 
NVN equation is integrable by the 1ST due to representation of it as the compatibility 
condition for two linear auxiliary problems |ll).|12j: 

L x il}=(dl v +u)^ = Q, (1.2) 

L 2 *P = (d t + Kidf + /saflg + 3/ei(fl- x u £ ) + 3k 2 (^ 1 ^))^ - (1.3) 
in the form of the Manakov's triad 

[L 1 ,L 2 ]=BL 1 , B = -Z{n 1 d- 1 u ii + K 2 d^ 1 u m ). (1.4) 

The present paper is the continuation of Dubrovsky et al work and follows the 
notations, review of the subject and general considerations presented in the previous 
papers [22]- [HI- We apply the 9-dressing method of Zakharov and Manakov for the 
construction of classes of exact solutions with non-zero constant asymptotic values at 
infinity: 

u (£, V, t) = u(£, Vi *) + u cc = «(& V, t) - e, (1.5) 

where u(£, n, t) — > as £ 2 + r; 2 — > oo. In this case the first linear auxiliary problem in 
(Oj) has the form: 

(dl n +u)i> = eip. (1.6) 

For cr=l with real space variables £ => i — x, 77 => i + y equation (|1.6p can be 
interpreted as perturbed telegraph equation with potential u = u — e or perturbed 
string equation for e = 0. For a = i with complex space variables £ => x + it/ = 
z,rj=>x — iy = ~z equation (|1.6p coincides with the famous two-dimensional stationary 
Schrodingcr equation 

( - 2d 2 2 2 - + Vschr)^ = Ei/> (1.7) 

with Vschr — — 2u and i? = —It. For this reason the construction via 9-dressing 
method of exact solutions of the NVN equations with constant asymptotic values at 
infinity means simultaneous calculation of exact eigenfunctions (wave functions) ip and 
exactly solvable potentials u = u — e and Vs c hr — ~2u for above mentioned famous 
linear equations. 

The inverse scattering transform for the first auxiliary linear problem (jl.6l) (or 
in particular for 2D Schrodinger equation (|1.7|l ) has been developed in a number of 
papers. Detailed review one can find in the book of Konopelchenko [3]. On the basis of 
developed for (|1.6|) 1ST using time evolution given by second auxiliary problem (|1.3p 
several classes of exact solutions of NVN equation were constructed [3], [4].[TT]-[2T]. 
Some exact solutions of NVN-II equation with a = 1 were obtained in the work [IT] 
via the transformation operators. Veselov et al constructed finite zone solutions of 
NVN equation 12 . The classes of rational localized solutions of so called NVN — in- 
equation (with E > and E < for fll.7[) ) corresponding to the case of simple poles 
of wave function tp were presented in the works [I3]-[TB] . Special care requires the 
case of E — for (|1.7[> . i. e. the case of NVN — Jq equation [17]. The use of 
Darbu transformations for the construction of exact solutions of NVN equation was 
demonstrated by Matveev et al [18]. The class of dromion-like solutions of NVN 
equation via Mottard transformations was constructed by Athorne et al [21] . We have 
already constructed classes of exact potentials for perturbed telegraph equation (jl.6p 
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with potential u = u — e and perturbed string equation with u = u, e = via d- 
dressing method in the paper [22] and obtained some rationally localized solutions of 
NVN-equation with simple and multiple pole wave functions tp via 9-dressing method 

mm- 

Present work is concentrated on further use of 9-dressing method for the 
construction of exact solutions of two-dimensional integrable nonlinear evolution 
equations, exact potentials and wave functions of famous linear auxiliary problems 
(|1.6p or (|1.7|) and the study of their possible applications. While many studies of 
this subject were performed the question of physical interpretation and exploitation 
of results obtained via 9-dressing are still of great interest. 

The paper is organized as described further. Basic ingredients of the 9-dressing 
method for the NVN equation in brief are presented in sections 2,3 and general 
determinant formula for multi line soliton solutions and useful formulas for the 
conditions of reality and potentiality of u are obtained. In sections 4 and 5 the classes 
of exact multi line soliton solutions for hyperbolic version with a = 1 and for elliptic 
version with a = i of the NVN equation respectively are constructed. The classes 
of periodic solutions for both versions of NVN equation are constructed in section 
6. The classes of solutions with functional parameters are constructed in section 7. 
The simplest examples of exact one, two line soliton solutions with corresponding 
exact wave functions of auxiliary linear problems, periodic solutions and solutions 
with functional parameters are presented in sections 3,4 and 5,6,7 of the paper. 

2. Basic ingredients of the 9-dressing method and general determinant 
formulas for exact solutions 

As a matter of convenience here we briefly reviewed the basic ingredients of the 3- 
dressing method [7]-[10] for the NVN equation (|l.ip in the case of u(£,r],t) with 
generically non-zero asymptotic value at infinity (|1.6|) . We followed the treatment of 
the papers [23], [2J] without repetition of theirs detailed calculations. 
At first one postulates the non-local 9-problem: 

%(A,A) 



(x*R)(X,X)= x(v,~P)R{v,~P;\\)dfxAdp (2.1) 



c 

where in our case \ an d R are the scalar complex- valued functions and x nas canonical 
normalization: x — > 1 as A — > oo. It should be assumed that the problem (|2.1j) is 
unique solvable. Then one introduces the dependence of kernel R of the 9-problem 
(|2.ip on the space and time variables 

QJ^ 

— = inR(n,~p;\,\;t;,ri,t) — i?(^,7i; A, A; £, n, t)iX, 

OR 6 — — 6 

— = -i-R(jt,M\,\i£,r},t)+R((i,Ji;\,\',(i,Ti,t)i--, (2.2) 
or] fi X 

dR e 3 — — e 3 

— = i(fti/i 3 - K 2 j^)R{n,W,X,X-£_,n,t) - R(fi, JL] A, A; £, 77, £)i(fti A 3 - 

Integrating (I2.2p one obtains 

i?(/x,71;A,A;£,r/,i) = fl (/z, W, A, X) e ^v,t)-F(X;^t) (2 3) 

where 

e e 3 
F(A; £, v,t)=i [A£ - -77 + (m A 3 - K 2 ^)t] . (2.4) 
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Di=d( + i\, D 2 = d n -tj, D 3 = d t + i(^K 1 X 3 - K2 iL) (2.5) 



expressing the dependence ()2.2|) of kernel R of the 9-problem (|2.ip on the space and 
time variables in the following equivalent form 

[D u R]=0, [D 2 ,R}=0, [D 3 ,R]=0 (2.6) 

one can construct the operators of auxiliary linear problems 



L=Y] u lmn ^, v ,t)D l 1 D 2 n D^ (2.7) 



These operators must satisfy to the conditions 
d 



3X L 



X = 0, L x (A,A)U-voo->-0 (2.8) 



of absence singularities at the points A = and A = oo of the complex plane of spectral 
variable A. For such operators L the function L\ obeys the same 9-equation as the 
function x- There are may be several operators Li of this type, by virtue of the unique 
solvability of (|2.1[) one has LiX = for each of them. In considered case one constructs 
two such operators: 

Li =D t D 2 +u 1 D 1 + u 2 D 2 +u, (2.9) 
L 2 = D 3 + Kl Dl + k 2 D\ + ViDf + V 2 D\ + V s D t + V 4 D 2 + V. (2.10) 

Using the conditions (|2.8[) and series expansions of wave functions x near the points 
A = and A = oo 

X = Xo + XiA + X2A 2 + ..., x = Xoo + + -0- + ■ ■ ■ , (2.11) 

one obtains the reconstruction formulas for the field variables u\,u 2 and Vi,V 2 ,V3,Vi 
through the coefficients Xo an d Xoo of expansions (|2.11[) (for calculation details see 
papers [25], [24]): 

mi = -, V\ = — 3ki -; (2.12) 

Xoo Xoo 

U2 = -M ) v 2 ^- 3K2 ^IL ; (2.13) 
Xo Xo 

V 3 = 3in 2 exi v , U 4 = -3iKiX-i£- (2-14) 

According to well known terminology the operator L\ in (|2.9p is pure potential 
operator when its first derivatives are absent. Due to canonical normalization of wave 
function x|a-kx> -> 1 (Xoo = 1): 

Ui = _Xoo ! , =Q; y i = _3 Ki Xoo i=0 _ (215) 

Xoo Xoo 

For zero value of the term u 2 d v in L\ one must to require xo = const, without 
restriction we can choose xo = 1, an d then due to (|2.13|) 

U2 = -^l = 0, V 2 = -3k 2 ^ = 0. (2.16) 
Xo Xo 

Using (j2~8t . ([2~T2|) - (|2TT6]) (for calculation details see also [23], [24]) one obtains the 

following expressions for V3,V4 and it: 

U 3 = 3iK 2 exi v = 3K 2 d^ 1 u v , U 4 = -3i«iX-ie = S^id^ 1 ^, (2.17) 
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u = -e-ix-ir, = + (2-18) 

The field variable V in (|2.10[) due to gauge freedom [25] in the present paper is chosen 
to be equal to zero. In terms of the wave function 

ij := X e F ^^ = xe^-iv+i^ 3 -*^)*] , (2.19) 
under the reduction u\ = and U2 = (the condition of potentiality Li), one obtains 



from (f231) . ([2~10| due to ([2l§ and ([2~TS> ([2~T7l) the linear auxiliary system (fTT2 |) . (fOI 

and NVN integrable nonlinear equation (|1.1|) as compatibility condition (|1.4j) of linear 
auxiliary problems in (|1.2p . (|1.3|l . 

The solution of the 9-problem (|2.ip with constant normalization Xoo = 1 is 
equivalent to the solution of the following singular integral equation: 

X (A) = 1+ / / n dX *. d \. I I x(/i,M)«(M,P;A,A)d/xAd/2. (2.20) 



27ri(A' - A) 

c c 

From (|2.20p one obtains for the coefficients xo and X-i of the series expansions (|2.11|) 
of x the following expressions: 

Xo = l+ / / / / x(M,M)^(M,M;A,A)e^)-F(A)^ Ad/2 (2 . 21) 



and 

X-i 



2niX 



dX A dX 
2ni 



X (p, p,)Ro(fi,Ji; A, X)e F(fl) - FW d^ A dp (2.22) 



where F(X) is short notation for F(X; £, n, t) given by the formula (|2.4I) . The conditions 
of reality u and of potentiality of the operator L\ give some restrictions for the kernel 
Ro of the 9-problem (|2.1j) . In the Nizhnik case (a = 1, Ri = k\, k,2 = Kz) of the NVN 
equations (|1.1|) with real space variables £ = x + y, r\ — x — y the condition of reality 
of u leads from (|2~Tg|) and (|2~2"2"|) in the limit of "weak" fields (x = 1 in (|2T2"2"]1 ) to the 
following restriction for the kernel Rq of the d - problem: 



R (jt,P; A, A) = Ro(-p, -/*; -A, -A). (2.23) 

For the Veselov-Novikov case (<r = i, «i = K2 = k = k) of the NVN equations (|1 . 1|) 
with complex space variables ^^z~x + iy,rj = z — x — iy the condition of reality 
of u leads from (I2.18|) and (|2.22p in the limit of "weak" fields to another restriction 
on the kernel Rq of the d - problem: 

3 

Ro^P; A, A) = 2 E 2 _ i?o(- = , ~, ~ - -)■ (2.24) 
\n\ \X\ z pX X X fi fi 

The potentiality condition for the operator L\ in (|2.9p for the choice Xo = 1 due to 
(|2.2ip has the following form: 



Xo 



dXAdX 
2mX 



X(M,~P) Ro(»,~P; A, A)e FW_F(A) d/i A dp = 0. (2.25) 



Here we obtained general formulas for multisoliton solutions corresponding to the 
degenerate delta- kernel Rq: 

R (fi,P;X,X)=7Tj2^kS(fi-M k )d(X-A k ). (2.26) 
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X(A) 'I + mEA^* 1 ^. (2-27) 

k k 

The coefficient X-i due to <|2~^1> and P^l> has the form: 

X-x = -2iJ2A kX (M k )e F ^- F ^\ (2.28) 
k 

For the wave functions x(Mfc) from (|2.27|l one obtains the following system of 
equations: 

^1 WX (M0 = 1 ) ^-^ + Ar ef(M ' K(At) - (2-29) 
i z k 

Instead of matrix A in (|2.29[) it is convenient to introduce matrix A given by expression 

A lk = S lk + -p^-e F ^- F ^l (2.30) 
Mi - A k 

Both these matrices A in (j2.29p and A (|7.19l) are connected by the relation 

A lk = e F ^A lk e- F ^\ (2.31) 

From (|2.29p due to (|2.31|) one derives the expression for the wave function X a t discrete 
values of spectral variable: 

x ( Ml ) = £ A£ = £ e'^)-'(^ 1 . (2.32) 

k k 

As a matter of convenience hereafter we described some useful formulas for wave 
functions satisfying to linear auxiliary problems (|1.2I) . (I1.3I) . From (|2.19[) and (|2.32p 
one obtains the wave function ip(Mi,£,r),t) — x(Mi)e F ^ M ^ at discrete points A = M; 
in the space of spectral variables: 

mu^t) = X (M t )e F ^ ="£e F ^Aj- k \ (2.33) 

k 

For the wave function (|2.19[) at arbitrary point A from (I2.27| - (|2.32j) follows the 
expression: 

A k 



tf(A, f, V, t) = X (X)e F ^ = 1 + 2* £ j^- x e F ^- F ^x(Mk) 



k 

1 + 2iJ2 j^re-^A^e^] e F ^ x l (2.34) 
k,l k 

Inserting (|2.32p into ()2.28p one obtains for the coefficient X-i 
X-i = -2iJ2A k e F ^- F ^e F ^- F ^A^ = 



k,l 



= -2i Y, A k e F ^~ F ^A^ = i tr^A- 1 ) . (2.35) 

k,l ^ 

and due to reconstruction formula u = —e — i X ~iri the convenient determinant formula 
for the solution u of NVN equation (jl.ll) : 

d fdA \ d 2 
u = -e + ^(-A-i) = -e + — ln(det A). (2.36) 
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Here and below useful determinant identities 
3 A 8 

Tr (~dJ A ~ l ^ = ^ ln ( dctA )' l + trD = det(l + D) (2.37) 

are used; the matrix D from last identity of (|7. 1 2[) is degenerate with rank 1. 

Potentiality condition (|2~25]) by the use of ([2~26| - ([2~32|) can be transformed to the 
form: 

1 N 

Xo-l = - Ye J2 A kl lB lk= ( 2 - 38 ) 
k,l=i 

where degenerate matrix B with rank 1 is defined by the formula 

B lk = -^A k e F ^- F ^\ (2.39) 

Due to f7TT2]) - ([7T2Ti]l potentiality condition (ET23)) takes the form: 

JV 

°= A^B mk =tr(A- 1 B)=det(B A- 1 + (2.40) 

fc,m— 1 

here matrix BA^ 1 is degenerate of rank 1 and in deriving the last equality in (17.161) 
the second matrix identity of (|7.12p is used. Equivalently due to (|7.16[) the potentiality 
condition takes the form 

det(A + B) =detA (2.41) 

3. Fulfilment of potentiality condition. General formulas for one line and 
two line solitons 

Formula (|2.36p for exact solutions u(£, ij, t) of NVN equations (jl.l[) is effective if the 
reality u = u conditions (|2 . 23[) . (|2 .24[) and potentiality condition f!2.25|) of operator 
L\ are satisfied. This is the major and the most difficult part of all constructions. 
Here we demonstrated how one can to fulfil the condition of potentiality (|2.25[) by 
delta-kernel with two terms: 

R ( P , ft A, A) = n(AS(fx - ^)S(X - Ax) + B5(fi - fx 2 )S(X - A 2 )) . (3.1) 
Inserting (|3.ip into (|2 . 25[) one obtains in the limit of weak fields (\ = 1 in (|2.25[) ): 



Xo - 1 = 



^ (A5(fi - ^)S(X - Ai) + BS(fi - fi 2 )S(X - A 2 )) 



x/W-nx)^ A dJId x A dX = 2i(^-e F ^- F ^ + l e F ^- F ^) = 0. (3.2) 

Ai A2 



The equality (I3.2[) is valid if 

F( Ml )-F(A 1 ) = F( M2 )-F(A 2 ), 4- = ~T- ^ 

Due to the definition of -F'(A) = i[A£ — j-q + (kiA 3 — K 2 jj)tj from space-dependent 
part of (|3.3[) the system of equations follows: 
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One can show that time-dependent part of (|3.3p doesn't lead to new equation and 
satisfies due to the system (I3.4p . The system (|3.4p has the following solutions: 

1) Hi = Ai, n 2 = A 2 ; 2) Hi = -A 2 , Ma = -Ai- (3.5) 

The solution Hi = Xi, H2 — A2 corresponds to lump solution and will not be considered 
here, (for more information about lump solutions see [20], [21]). For the second 
solution fxi = ~ A2, H2 = — Ai taking into account second relation from (|3.3p one 
obtains: 

ABB 

— = -— = — = a, (3.6) 

Ai A 2 Hi 

where a is some arbitrary complex constant. It is evident that to the potentiality 
condition (|2.25p the kernel Ro (which is the sum of expressions of the type (|3.ip with 
parameters defined by (|3.4p - (|3.6p ) 

JV 

Rq(h, H] A, A) = 7r ^ ^a k X k 5(fi - Hk)S{X - X k ) + a k p, k 8(p + X k )5(X + Hk) 



k=l 



2N 



= nJ2A k 6(M~M k )S(A-A k ) 



(3.7) 



k=l 



with the sets of amplitudes A k and spectral parameters M k ,A k 
(Ai, .., A 2 n) '■= (ctiAi, ajyAjv; aiMii — j a NHN)\ 
(Mi,...,M 2 n) ■= (pi,— ,Hn\~ Ai X N ), 

(Ai, A 2 at) := (Ai, \ N - -Hi, —, ~Hn) (3.8) 

satisfies. 

In order to avoid repetition of similar calculations in the following sections we 
prepared some useful formulas in general position for calculating one- and two- line 
soliton solutions and corresponding wave functions. The determinants of matrix A 
(|7.19p with parameters (|3.8p corresponding to the simplest kernels (|3.7I) with N = 1 
and N = 2 have the forms: 

2 



1. N = 1 : det A = 1 +pie 



AF(ah,Ai) 



N = 2 : det A 



qe 



AF( ( ui,Ai)+AF( ( u 2 ,A2) 



here p k , AF([i k , X k ) (k = 1, 2) and q are given by the expressions 

Hk + X k 



Pk 



ia k — r^; AF(Hk,X k ):=F(Hk)-F(Xk), 

Hk — Afe 

(Ai - A 2 )(A 2 + Hi)(Hi - H2)(Xi + H2) 



-P1P2 ■ 



(Ai + A 2 )(A 2 - hi)(hi + Ma)(Ai - H2) ' 
The formula for one line soliton solution due to (|2.36[) . ()3.9|) is: 



u(^V,t) = -e-e 



2pi(ni - Ai) 



a AF(>i,Ai) 



(3.9) 
2 (3.10) 

(3.11) 
(3.12) 



(3.13) 



H1X1 (l+ J3l e AF (^^i))2- 

By using the equations (I2.27p . (|7.19l) and (|2.32p corresponding to one line soliton 
solution (|3.13l) wave functions one calculates: 

1 



\i 



Xi(Mi) = Xi(-Ai) = 



1 + p 1 e AF ^ 1 ' Xl "> ' 



(3.14) 
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m 1 ( Al Mi A 2i fll e Af (^- A ') 

* l(A) = 1 - (a^aT + X+^) i+r ie A*Wi) - (3A5) 

Considering (|3. 141) . (13. 15)) wave functions Vi(mi) = Xi(Mi) ei ^ ) Ai) = 

^i) eF an d ^i(A) = Xi(A)e F ( A ) satisfy to linear auxiliary problems (|1.2[) , 
(|1.3[) and at the same time to famous linear equations (|1.6I) . (|1.7I) and have the 
following forms: 

e %) e -F(Ai) 
^W = I^^). ^(-Ar)= 1+pieAF(Ml , Al) ; (3-16) 

/m f(a) / A: mi X^aie^^V^ 

^ l(A) = e (a-aT + aT^J i + p^M.) ■ (3 - 17) 

For two line soliton solution one obtains via (|2.36l) . (|3.10[) after simple calculations the 
expression: 

u&f,,t) = -e-2e *& V '% (3.18) 
where the nominator N and denominator D are given by the expressions 

Nfor,,t) = ( V /il)2 eAF(m ' Al) (gP2e 2AF( ^- A2) +Pi) + 
AiMi 

+ (A 2 -M2) 2 e AF( M2 ,A 2 ) (gpie 2AF( A11 ,A 1 ) + . + 
A 2 M2 

+P1P2(X 1 ~ Ml - A 2 + M2)(^i - ^_^) e A^(, 1 ,A 1 ) + AF(^A 2 ) + 

V A1M1 A2M2 > 

+q(X 1 mi + A 2 - M2)f + ^ZM) e AF^M) + AF M ^ (3 . 19) 

V A1M1 A2M2 ' 

D(£, n, t) = (l+ Pl e AF ^' X ^ + p 2 e Af ("^ ! » + ge AF(^ 1 ,A 1 )+AF( A12 ,A 2 ) )2 _ (3 20) 
It is remarkable that for the choice q = piP2, i- e. under the condition 

(Ai - A 2 )(A 2 + Mi)(Mi ~M2)(Ai+M2) = 1 , g ^ 
(Ai + A 2 )(A 2 - Mi)(Mi + M2)(Ai - M2) 

or for equivalent 

(Aimi + A 2 M2)(Ai - mi)(A 2 - M2) = (3.22) 

the formula for two line soliton solution (|3.18p with N, D given by (|3.19[) . (|3.20[) reduces 
to very simple expression: 

2 Pi (mi-Ai) 2 (Ar^iM) 



U ^' V ^ 6 e ~ Ml Ai (l+p ie AF(/x 1 ,Ax))2 

,2 P2 (m 2 -A 2 ) 2 e A ^,A 2 ) 



M2A 2 (l+p 2 e A -F(M2,A 2 ))2- 

It should be emphasized that in the present paper multi line soliton solutions are 
considered, for such solutions by construction Mfe 7^ Afc, (k = 1,2). Considering this 
due to p.22p the condition q = pip 2 satisfies if 

Aimi + A 2 M2 = 0. (3.24) 
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The corresponding to two line soliton solution (I3.23|) wave functions calculated 
in described case by the formulas (|2.27p . (l2.32p . under condition pijJ 2 = q, have the 
following simple forms: 



X2O1) 
X2(-Ai) 

X2(M2) 



XlX2 
XlX2 
XlX2 



i a 2 e 



X2(-A 2 ) = X1X2 



1 — i a 2 e 
1 
1 

1 + i a±e 
Aiai 



AF( 



AF( 



AF( 



AF( 



(Ai 


+ A 2 )(A 2 


+ Mi)(A 2 


+ M2) 


(Ai 


-A 2 )(A 2 


- Mi)(A 2 


- M2) 


(Ai 


-A 2 )(A 2 


- Mi)(A 2 


+ M2) 


(Ai 


+ A 2 )(A 2 


+ Mi)(A 2 


-M2) 


(Ai 


+ A 2 )(A 2 


- Mi)(Ai 




(Ai 


-A 2 )(A 2 


+ Mi)(Ai 


- Mi) 


(Ai 


— A 2 )(A 2 


+ A*i)(Ai 





(Ai + A 2 )(A 2 - /ii)(Ai - fii) 



Xa(A) = 1 + 2l (-^- X2 ( m )e AF( ^ Al) + ^^ T X2(-A 1 )e AF( -' Al) 
V Ai — A — fii — A 



+ T^X2(M2)e A ^> + -J^ X2 (-A 2 )e^^)Y 
A9 — A — it9 — A / 



A 2 - A -/i 2 - A' 

where \i Xi are the wave functions (see (I3.14[) ) 

Xx = Xi(Mi) = Xi(-Ai) = 



(3.25) 
(3.26) 
(3.27) 
(3.28) 

(3.29) 



1 



X2 = Xi (Ma) = Xi(-Aa) 



1 

1 +p 2 e A - F (M2,A 2 ) 



(3.30) 



corresponding to one line soliton solutions. Two soliton ifa wave functions (|2 .33[) . 
(|2.34l) satisfying to linear auxiliary problems (|1.2p . (|1.3p and at the same time to 
famous linear equations (|1.6j) . (|1.7p due to (|3.25p - (|3.29p have following forms: 

e F(Mi) 1 + p 2 e AF (^A 2 ) (A 1+ A 2 )(A 2+Ml ) 

^ 2 ( Ml ) - 



V>a(-Ai) 
■02(^2) = 
^2(-A 2 ) 



1 + p 1 e AF ^ ll > Al ) 1 + p 2 e AF »2:A 2 ) 



1 +pie AF ^i' A i) 



1 +p 2 e AF (^,A 2 ) 



(Ai-A 2 )(A 2 +/ii) 



1 +p 2 e A - F (A'2 I A 2 ) 

P-^(A2) 



1 +Pie AF (^' A i) 

1 _ „ p AF(Ati,Ai) (Ai-A 2 )(A 2 +mi) 
1 (Ai+A 2 )(A 2 - M i) 



1 +p 2 e AF (^,A 2 ) 



1 + Pl e AF (Mi,Ai) 



(3.31) 
(3.32) 
(3.33) 
(3.34) 



+ 2i(^-M»x)e- F ^ + -^-M~X)e F ^ + 
V Ai — A — /ii — A 



+ ^M^)e- F{X2) + -^^ 2 (-A 2 )e F M e F ( A ). 
A9 — A — U9 — A / 



x . . .. .... , (3.35) 

A 2 — A — (i 2 - A / 

All formulas (|3.9I) - (|3.35I) derived in the present section will be effective if the 
reality conditions (|2.23p . (|2.24p are satisfied. The reality condition u — u imposes 
additional restrictions on the parameters afc, A^, /ifc ()3.8|) of the kernel Q3.7p . 
These restrictions and the calculations of exact multi line soliton solutions u with 
corresponding wave functions are suitable for hyperbolic and elliptic versions of NVN 
equation (11.11) separately. 
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4. Exact multi line soliton solutions of NVN-II equation 

In the present section the hyperbolic version of NVN equation (jl.ljl or NVN-II 
equation, i. e. the case a 2 — 1 with real space variables £ = x + y and i] = a; — y, will 
be covered. In order to satisfy the reality condition (|2.23l) let us require for each term 
in the sum (|3.7[) : 

a k X k S(n - Hk)S(X - Afe) + a k fi k 5{n + X k )S(X + /i fe ) = 

= a k \ k 6{n + JI k )8(\ + A fc ) + a k jJ k 6(n - A fe )(5(A -7t fc ). (4.1) 

From (|4.1j) two possibilities follow: 

1. afcAfe = a k X k ,a k fi k = a k JI k , \i k = —~p k , Afe = —Afe; 2. afcAfe = a k JI k ,^i k — X k . (4.2) 

In the first case in (|4.2j) one obtains that the spectral points [i k , X k and amplitudes 
a k are pure imaginary: 

/ife = -~p k := ifi ka , Afe = -Afe := iX ka , a k = -a k := -ia ka . (4.3) 

For the second case in (|4.2|) it is appropiate to introduce the following notations for 
amplitudes and spectral points 

a k = a k :=a' m \ X' k , fj,' k ;=X k . (4.4) 

So the kernel (12.26[) . (|3 . T[) satisfying to potentiality (|2.25[) and reality (|2.23[) conditions 
in considered two cases (|4.2[) due to (|4.3[) , (I4.4[) can be chosen in the following form 

2(L + N) 

Ro{n,JI,X,X) =tt J] ^(/i - M k )S{\ - A fe ) (4.5) 
it=i 

of L pairs of the type ir(ai Xi 5(iJ,- iiii )5(X-iXio)+aioHio5(p>+iXio)S(X+i(ii )) , (i = 

1, ...,L) and iV pairs of the type n(a' n0 X' n S(^- fi'JSiX- X' n ) + a' n0 X n S(fi + X' n )5(X + fi' n )) , 
with fi' n — X' n (n — 1,...,N) of corresponding items. In (|4.5|) for application of 
general determinant formulas (|7. 19f) . (|2.36j) and (|7.17j) due to (|4.3|) - (|4.5[) the following 
sets of amplitudes A k and spectral parameters M k , A k 

(A%,.., A 2 (L+N)) = 

— (aioAlOi ••! a LoAio; QloMlOj ■■O-LOf-LO'i a loA'i7 ••) a JV0^JVi a 'loM'l: ■• a JVoA t Af)' 

(Mi, .., M 2 (i+iv)) = (i/iio, ••)«Mio; -iAio, .., -«A L0 ; Mi> ••> Mat! ~Ai, .., -A'^), 

(Ai, .., A 2(i+A r)) = (iAio, .., iX L0 ; -ifi w , .., -i/J-LO] X[, .., A^; -fi[, .., -(J.' N ). (4.6) 

are introduced. 

General determinant formula (|2.36[) with matrix A from (|7.19l) with corresponding 
parameters (|4.6[) of kernel i?o (|4.5I) of 9-problem (12.11) gives exact multi line soliton 
solutions u(£, 77, i) with constant asymptotic value — e at infinity of hyperbolic version 
of NVN equation. At the same time an application of general scheme of d- 
dressing method gives exact potentials u and corresponding wave functions x {L,N] {Mi), 
^ L - N \Mi) = X [L - N] {Mi)e F{Ml) at discrete spectral parameters M and x [L ' N] W, 
ipl L ' N ](X) = x' i ' Ar '(A)e i ^ A - ) at continuous spectral parameter A of linear auxiliary 
problems (|1.2l) . (|1.3p and one-dimensional perturbed telegraph equation (|1.6[) . For the 
convenience here and henceforth the symbols x^ L ' N \ ip^ L ' 1 ^ denote the wave functions 
of multi line soliton exact solution corresponding to the general kernel (|4.5I) with L + N 
pairs of items. 

The rest of the present section is devoted to the presentation for considered case 
(|4.2[) of the explicit forms of some one line of types [1,0], [0, 1] and two line of types 
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[2,0], [0,2], [1, 1] soliton solutions of hyperbolic version of NVN equation and exact 
potentials with corresponding wave functions of one-dimensional perturbed telegraph 
equation (11.61) . 

4.1 [1,0] and [2,0] line solitons 

The kernels of type Rq (|4.5[) with values L = 1,2; N = (i. e. a/o ^ 
0,/ = 1,2 

j a 'n0 = 0, n — 1, ...,N) in (|4.6j) are correspond to [1,0], [2,0] solitons. For 
nonsingular one line [1, 0] and two line [2, 0] soliton solutions of hyperbolic version of 
NVN equation parameters fi k ,X k ,a k in general formulas (|3.9|) - (|3.35j) of Section 3 must 
be identified due to (|4.6I) by the following way: 

/i fe = -~p k := ifiko, A fc = -A fc := i\ k0 , a k — -a k := ~ia k0 , (k = 1,2) (4.7) 
and real parameters p k (|3.11[) 

Pk = a kQ ^ k0 + X ' M =e+°* >0, (fc = l,2) (4.8) 
Mfco — A/to 

since positive constants must be chosen. The real phases AF([j, k , \ k ) = F(/i k ) — 
-F(Afc) := ipk, (k — 1, 2) (|3.9[) - (|3.35[) are given in considered case by the expressions: 

3 3 

<Pk(Z,V>t) = (Afco - «feo)£ + ( — )»7-«i(Ajo -A**o)*-«3(-S 1-)*-( 4 - 9 ) 

One line soliton [1, 0] solution generating by simplest kernel Rq of the type (|4.5j) with 
L = l,iV = and parameters (|4.6[) due to (I3.13|) and (|4.8|) . (|4.9[) is nonsingular line 
soliton: 

e(Ai - Mio) 2 1 



2A 10 ^ 10 cosh 2 



(4.10) 




Figure 1. One line soliton [1,0] solution u(x, y, t = 0) = u(x, y, t = 0) + e ( 14. 10ft 
(blue) and squared absolute value of corresponding wave function |i/)[ 1,0 l (i/iio)| 2 
(green) 114.111 1 with parameters aio = — 1, e = l,Aio = 1,M10 = 4. 



Wave functions (vio), V [1 ' 0] (—*^lo) and V> [1 ' 01 (^) due to formulas (|3~To) , 
(f3~T7|) and ([47f j) -([4T9 ]l have the following forms: 

, , p-F(vio) , , p -F(i\io) 

^ 0] (« = IT ^ ! ^ 0] HA 10 )= 1 + eyi+ , 01 ; (4.ii) 



A-?:Ai A + i^iio/ l + e^i+^o! 

Graphs of one line [1, 0] soliton (|4.10p and the squared absolute value of wave function 
^ 1,0 l(i/iio) (14.11[) for certain values of parameters are presented in FigfTJ Graph of 
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the squared absolute value of another wave function - f/il 1 ' ! (— i\ w ) has the similar 
form but with localization along another one half of potential valley 

Two line soliton [2 , 0] solution in considered case of kernel i?o (|4.5|) with 
parameters (|3.12[) . (|4.6I) - (|4.8[) is given by the formula (|3.18[) . It is remarkable that 
under the condition q = p\pi (see (|3.22l) ) which is equivalent to the relation: 

(AioMio + A20M20XA10 - A i io)(A 2 o - M20) = 0, (4.13) 

i. e. to relation Aio£«io + A20M20 = (due to A„o ^ [i n o, we do not consider in the 
present paper lumps!), the solution Q3.18P radically simplifies and due to (|3.23l) takes 
the form: 

e(Ai -/xio) 2 1 e(A 2 o-M2o) 2 



u((,,ri,t) 



2AioMi 



cosh 



1 

2 <pi(t,v,t)+4>oi 



2A20M20 cosh 



1 

2 



(4-14) 




b) 




Figure 2. Two line soliton [2, 0] solution u(x, y,t = 0) = u(x, y, t = 0) + e Il4,14j l 
(a) and squared absolute value of corresponding wave function |i/j[ 2 >°1 (i/^io ) | 2 
(green) (b), with parameters aio = 1, A10 = l,|tio = — 3; a.20 = — 1,-^20 = 4, e = 
-1. 



The corresponding wave functions x' 2,0 ': V'' 2 ' ' calculated in considered case of 
kernel i? (l4"3)l with parameters (|43)) - (j4T51) by the formulas (|2T271) - ([234l . under 
condition P1P2 = q, i- e. under Aio/iio + A2o/i20 — 0, are given by the simple formulas 
(|3.25p - (|3.35l) . Graphs of two line [2,0] soliton (I4.14[) and the squared absolute value 
of wave function - ^^'^(Vio) P-311) for certain values of parameters are presented in 
FigiH (the squared absolute values of other wave functions (|3. 32113. 34"]) have similar 
forms but with localization along another three possible halves of two potential 
valleys). 

<9-dressing in present paper is carried out for the fixed nonzero value of parameter 
e. Nevertheless one can correctly set e = CkfJ-ko>(k = 1, 2) (c^-arbitrary complex 
constant) and consider the limit e — > in all derived formulas and obtain some 
interesting results also for the case of e = 0. Limiting procedure e = CkfJ-ko — ► 0, (k — 
1,2) can be correctly performed by the following settings in all required formulas: 
e — » and (iko — > in cases when uncertainty is absent, but ^ = — — !> ^ in 
accordance with the relations e = Ck[J-ko an d fJ-io^w + M20A20 = 0; the last relation is 
assumed to be valid in considered limit. The two line soliton solution (|4.14p in the 
limit e — > takes the form: 

C1A10 C2A20 



2 cosh 



2 yi(g.?;.t)+0oi 



2 cosh 



2 <f2 (g,?7,*) + 0O2 



(4.15) 
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where the phases ¥?fe(£, ?7, i) and 
forms: 



'ha 



due to 



have in considered limit the 



<Pk(£, v, t) = A fe oC ~ c kV - ni\ ko t + n 2 c k t, <j) 0k = ln(-ako)- 

One can check by direct substitution that NVN-II equation (jl.lj) with a 
by u given by (|4.15j) . it satisfies also by each item 

CfcAfco 



2 cosh 



2 Pk(£;V;t) + cf>O k ' 



(fc=l,2) 



(4.16) 
1 satisfies 

(4.17) 



of the sum (|4.15j) . So in considered case the linear principle of superposition 



<( 2 ) for such special solutions 



W 633 is valid. 



4.2 [0, 1] and [0, 2] line solitons 

To [0, 1], [0, 2] solitons the kernels of type Rq (|4"3)l with values L = 0; N = 1, 2 
(i. e. a; = 0, Z = 1, L; a' l0 ^ 0, n = 1,2) in (|4.6|) are correspond. For nonsingular 
one line [0, 1] and two line [0, 2] soliton solutions of hyperbolic version of NVN equation 
parameters /j, k ,X k ,a k in general formulas (|3.9[) - (I3.35[) of Section 3 must be identified 
due to (|4.6[) by the following way: 



Mfe = Afe, a k = a k ■= a k o, (k = 1, 2). 

The parameters pfc, (k = 1,2), g in 
expressions: 



(4.18) 

- ([335]) due to fllUg) are given by the 



A 



i.ii 



Pk = -a k o- — - := e' Pok > 0, q = pip 2 ■ 



Xk 



hi 



(Ai - A 2 )(Ai +A 2 ) 



(A 1 + A 2 )(A 1 -A a ) 



(4.19) 



where the parameters p k : 



— p 4>ok 



> are chosen as positive constants. 



The real phases AF(^ k , X k ) = F(fi k ) ~ F(\ k ) ■= <fk, (k = 1, 2) in (f379|) - ([3735]) are 
given due to (|2.4|) in considered case by the expressions: 



<Pk{£,r],t) = i (A& 



v Afe 



1 



T-)»? + «i(A fc - A^t-Ka^l^ - -3 t 
A fc y v A t \ 



1 



1 



(4.20) 




Figure 3. One line soliton [0, 1] solution u(x, y, t = 0) = u(x, y, t = 0) + e I I4.2H 
(blue) and squared absolute value of corresponding wave functions l^' ' 1 ' (Ai)| 2 = 
\ipt°>^(-\l)\ 2 (green) @jj2) with parameters aio = -l,Aiij = 0.2, An = 2, e = 
-1. 
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One line soliton [0, 1] solution generated by simplest kernel R of the type (|4.5|) with 
L = 0, TV = 1 and parameters (|4.6p due to f|3.13[) and (|4.18j) - (|4-20j) is nonsingular line 
soliton: 

" = ' £+ lAiPcosh 2 ^^^ - (4 " 21) 




Figure 4. Two line soliton [0, 2] solution u(x, y, t = 0) = u(x, y, t = 0) + e with 
parameters aio = —1, Aj^j = 0.2, A x j = 2; a2o = —1, A2.R = 0.1, X21 = l,e = —2. 



The corresponding wave functions V'' ' 1 '(/ i i) = x' (Mi) e ; "0' 0,1 ' ( — Ai) = 
X [0 ' 1] (-Ai)e F( - Al) and V [ °' 1] (A) = x [ °' 1] (A)e F(A) of linear auxiliary problems 
(|1.2[) . (|1.3p and exact potential u = tt — e of one-dimensional perturbed telegraph 
equation (IToT) due to (j3Tll^ - (j3~T7P and (|4~T5|) - (|4^2Tj|) have the forms: 

^](A) = - ( A" + -^) 2mi ° eyi !r- (4-23) 
r w \A — Ai A + Ai/ l + evi+^oi v y 

Graphs of one line [0, 1] soliton (|4.21[) and the squared absolute values of wave functions 
(|4.22l) for certain values of parameters are shown in FigJ3] 

Two line soliton solution in considered case of kernel (|4.5[) with L — 0, N = 2 
and parameters (|4.6p . (l4.19[) is given by the formula p,18[) . It is interesting to note 
that the condition q = P1P2 in the considered case of kernel i?o of the type (|4.5I) 
with L = 0,N = 2 and parameters flUJ) . (|4T8l) . (|4~T9|) due to (f3T24|) takes the form 
Ai/xi + A 2 ^2 = I Ai| 2 + I A2 1 2 = and can not be satisfied for A& 7^ 0, by this reason 
splitting of two line soliton solution (|3.18p - (|3.20p into the simple form (|3.23p in the 
present case is impossible. Graph of two line [0,2] soliton given by (|3.18[) - (|3.20[) for 
certain values of corresponding parameters is shown in FigHJ 

4.3 [1, 1] line soliton 

To [1, 1] soliton corresponds the kernel of type Ro (|4.5I) with values L = 1; N = 1 
(i. e. aio 7^ 0,a' 10 ^ 0) in (|4.6p . For nonsingular two line [1,1] soliton solution of 
hyperbolic version of NVN equation parameters /ifc, Afc, au in general formulas (|3.9p ~ 
(|3.35p of Section 3 must be identified due to (|4.6I) by the following way: 

Mi = -7*i : = *MiO) Ai = -Ai := iAio, ai = —ax := — iaio, 

H2 = (A., A 2 = Ai = fx\, a 2 = a[ = a'i := a' 10 , (4.24) 
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a 2, A2, in formulas (I3.18l) - (|3.35l) due (|4.24p must be identified with a[, X[, \J X in 
([43]) . The parameters p k , (k = 1,2), q in ([^ - (pQpf due to (j3~TT1) and P~24]) are 
given by expressions: 

Pi = aio r — := e vm > 0, p 2 = -a 2u ^ — := e^ 02 > 0. (4-25) 

M10 — A10 A27 

Two line soliton [1,1] solution in considered case with parameters (|3.12j) . (|4.24[) is 
given by the formula (|3.18p . It is remarkable that under the condition q = P1P2 (see 
(|3.22I0 which is equivalent to the relation: 

(-A10M10 + |A 2 | 2 )(iAi - iMio)(A 2 - A 2 ) = 0, (4.26) 

i. e. to relation — Aio^io + |A 2 | 2 = (due to A„o 7^ MnOi we do not consider in the 
present paper lumps!), the solution (I3.19|) radically simplifies and due to (|3.23[) takes 
the form: 

e(Aio-^io) 2 1 , 2c\%r 1 



2AioMio cosh 2 glfe3j*te |A 2 | 2 cosh 2 ^\^+^ 



where phases <pi (£, T), t), <£> 2 (£,?7,t) are given by the formulas (|4.9[) . (|4.20[) . 



(4.27) 




Figure 5. Two line soliton [1, 1] solution u(x, y, t = 0) = u(x, y, t = 0) + e 1 14.271 
with parameters aio = —0.1, A10 = 2, e = —2; 020 = —0.1, X2R = 0.1, X21 = 1. 




Figure 6. Nonbounded [^[M] (j W o)| 2 (a) and bounded I^I 1 ' 1 ! (Ai)| 2 = 
l^/jl 1,1 ! (— Ai)| 2 (b) squared absolute values of wave functions (green) corresponding 
to solution in the Fig[5] 

The corresponding wave functions x' 1 ' 1 ^ V'' 1 ' 1 ' calculated in considered case of 
kernel R (|4~5j) with parameters ((4T6|) . (|4^4|) and by the formulas ((2~27l) - ((2~34l) . under 
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condition P1P2 = q, i. e. under — Aio/^io + | A 2 1 2 = 0, are given by the simple formulas 
(13.25l) - (|3.35[) . Graphs of two line [1, 1] soliton (I4.27[) and squared absolute values of 
some wave functions given by (|3.3ip ~ (|3.33p for certain values of parameters are shown 
in Figj5]-Figin] (graphs of iV^'^^Mlo)! 2 and |V'' 1 ' 1 '( — *Aio)| 2 are similar to each other 
but with localization along two different halves of corresponding potential valley). 

In all considered cases for NVN-II equation (hyperbolic version) multi line 
solitons are finite but corresponding wave functions can take infinite values in some 
areas of the plane (x, y), (FigHJHUSi). Only in two considered cases, for soliton 
[0,1] and soliton [1,1] the squared absolute value of corresponding wave functions 
IV^CAi)! 2 = |V IO ' 1] (-Ai)| 2 (Fig© and |V [M1 (Ai)| 2 = |^ [1 ' 1] (-Ai)| 2 (FigEb) are 
finite. 

We have to mention that exact potentials (of types [0,1] and [1,0]) of fj 1 . 6 j) with 
corresponding wave functions f|4. . (14.22[) in the paper [22] have been calculated and 
used for the construction of exact solutions of two-dimensional generalized integrable 
sine-Gordon equation (2DGSG). In the present paper time evolution (|2.2[) is taken 
into account and corresponding multi line soliton solutions of NVN-II equation are 
calculated. 

5. Exact multi line soliton solutions of NVN-I equation 

For elliptic version of NVN equation (jl.ip , or NVN-I equation, with a 1 = — 1 and 
complex space variables £ := z = x + iy, n := z = x — iy an application of reality 
condition (|2.24[) to each term of the sum (|3.7[) for R gives the following relation: 



a k XkS(fJ. - Hk)S(X - X k ) + a k n k 5(^ + X k )S(X + (i k ) = 




We should underline that in the present paper complex delta functions (with complex 

arguments) are used. The last equality in (|5.1[) by the well known property of complex 

delta functions 6(<p(z)) — J2^( z ~ z k)/\<p'( z k)\ 2 is obtained; z k in last formula are 

k 

simple roots of equation ip(zk) = 0. 

From (|5.1[) two possibilities are follow: 

1. a k X k = -zz— , A fc = -— > A*fc = -=-; 2. akX k = -=-, X k = =-, [ik = —.(o.2) 

Mfc Mfc Xk Xk Xk Mfc 

For the first case in (|5.2j) taking into account the reality of e one obtains 

flfc = -afc := iako, e = -MfcAfc = ~MfcAfc; arg(/z fc ) = arg(A fe ) + mir, (5.3) 

i. e. pure imaginary amplitudes a k (ctfco = ako) and the relation between arguments 
of discrete spectral points fj,k and A^ with m arbitrary integer. From the second 
possibility in (|5.2[) for satisfying the reality condition (|2.24[) the following relations 

afe = a k := 4 , e = |^' fc | 2 = \X' k \ 2 ; arg(//' fe ) = arg(A' fc ) + 5 k (5.4) 

with real amplitudes au = a k := a' kQ and arbitrary constants 5 k are follow. 



New exact solutions of the NVN nonlinear equation via d-dressing method 



18 



So the kernel ([2"^5]l . (1X71) satisfying to potentiality (j2"T2"5j) and reality (pl2"3"f 
conditions in considered two cases (|4.2p due to (|5.2l) - (|5.4p can be chosen in the following 
form 

2{L + N) 

Ro(^-p,\J)=K A k 5(n-M k )5(\-A k ) (5.5) 

k=l 

of L pairs of the type i7r(afoAf(5(/i, — ^i)5(A — A;) + ai fi[5(fi + A;)<5(A + /if)) (here 
e = — ^ A; = — /If A;, (/ = 1, .., L)); and pairs of the type ir[a' n0 A' n S(fj, — (x' n )8(\ — 
A'J + a' n0 [i n 6(lf + + iO) (here e = JA^| 2 = K| 2 , (n = l,..,iV)) of 

corresponding items. Here in (|5.5|) for application of general determinant formulas 
(JZHIJ), flUS]) and (|77T7j) due to (|5T2> (15"11) the following sets of amplitudes A k and 
spectral parameters M k , A k 

(Ax, .., A 2 ( L +JV)) = 

= (ia 10 Ax, .., ia L0 A L ]iai (j,i, .., ia LO fi L ] a 10 Ax, .., a' N0 X' N ] a' 10 /i' l7 .., a' N0 fj,' N ), 

(Mi, .., M 2 (l + at)) = ()Ui, .., /ii,; -Ax, .., — A^; //^ .., /i'^; — A' l5 .., — A^), 

(Ai, .., A 2 ( i+A r)) = (Ai, .., Aat; -/xi, .., -/ijv; A l5 .., X N ; -fi v .., — /%•) (5-6) 

are introduced. 

General determinant formula (12.36)) with matrix A from (|7.19p with corresponding 
parameters (|5.6[) of kernels i? (15 ,5|) of 9-problem f|2 . 1 1) gives exact multi line 
soliton solutions u(z,z,t) with constant asymptotic value — e at infinity of elliptic 
version of NVN equation. Simultaneously an application of general scheme of d- 
dressing method gives exact potentials u and corresponding wave functions x [L ' N] (Mi), 
ip\- L > N \Mi) = x [L ' N] (Mi)e F( - Ml) at discrete spectral parameters M; and x [L ' N] W, 
ip^ L ' N \\) = x' i ' 7V '(A)e i ^ A - ) a t continuous spectral parameter A of linear auxiliary 
problems (|1.2[) . (|1.3[> and two-dimensional stationary Schrodinger equation (II. 7[) . Here 
and below the symbols X^'^i tp^ L,N ^ denote the wave functions of multi line soliton 
exact solution corresponding to the general kernel (|5.5[) with L + N pairs of items. 

The rest of the section is devoted to the presentation for considered two cases (|5.2p 
of the explicit forms of some one line of types [1,0], [0, 1] and two line soliton solutions 
of types [2, 0], [0, 2], [1, 1] of elliptic version of NVN equation and exact potentials 
with corresponding wave functions of two-dimensional stationary Schrodinger equation 

5.1 [1,0], [2,0] line solitons 

To [1,0], [2, 0] line solitons the kernels of type i?o (|5.5p with values L = 1, 2; N = 
(i. e. aio ^ 0, 1 = 1, 2; a' n0 = 0, n = 1, N) in (|5.6p are correspond. 

For nonsingular one line [1, 0] and two line [2, 0] soliton solutions of elliptic version 
of NVN equation parameters /i k ,X k ,a k in general formulas (|3.9I) - (|3.35I) of Section 3 
must be identified due to (15.61) by the following way: 

a k = -a k := ia k o, Mfc = ~=- ( fc = M), (5-7) 

Afc 

and real parameters p k (|3.1ip 

Pk = a k0 ^^ = e*°* > 0, (k = 1, 2) (5.8) 

as positive constants must be chosen. The real phases AF(fi k , X k ) = F(fi k ) — F(X k ) := 
<Pk, (k = 1, 2) in (|3.9p - (|3.35p are given in considered case by the expressions: 

ip k (z,z t t) =i[(jJLk - Afc)z - (~p k -X k )z + n(nl - \l)t-K(j$.-\ k )t\. (5.9) 
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One line soliton [1,0] solution corresponding to simplest kernel R a of the type (|5.5[) 
with parameters (15.61) due to (|5.7I) - (|5.9[) is nonsingular line soliton: 

u = —e — s r-7 — = — e-\ 5 -7 — ; e = — Ai ui .(5.10) 

2Ai/X! cosh 2 ^±±^ 2 cosh 2 m ' 





Figure 7. Potential Vshr l|5.13| l (blue) with the energy level E (yellow) 
and corresponding squared absolute values of wave functions (Ml) | 2 = 

|^>[1>0](_ Ai)| 2 J5TTTJ (green) with parameters: a) aio = — 0.1, Ai = e*~e,fj,i = 
4e i TT,£ = -2e = -8; b) aio = -0.1, Ai = e*f = Ae*f , E = -2e = 8; c) 
aio = 0.1, Ai = e l f = 0,B = -2e = 0. 



The corresponding wave functions V'' 1 ' '(/ i i) = (Mi) e i V* ( — Ai) = 

X [1,0] (-Xi)e F( -- x ^ and V [1 ' 0] (A) = x(A)e f(A) of linear auxiliary problems (fL2 ]) .(|L3 ll 
and exact potential Vshr of 2D stationary Schrodinger equation fj 1 . Tf) with energy level 
E := -2e due to (|234|) . ([3T4|) - (f3"T7l) have the forms: 

V^l) = ^ TI- 1 V>(-Al) = T7 — j (5.11) 

V'(A) = e*W + (A" + T^) 2 : 106 ^^ (^2) 
w VA-Ai A + /xi/ 1 + eVi+M 

g(Al - /ij) 2 1 |Al-Ml| 2 p O OX - /r,ol 

Kscfcr = : n n — = o n — ; = — 2e = 2Ai«i. (5.13) 

AiMi cosh 2 ^^ cosh 2 ^±^ ' 1 ' 
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Figure 8. Potential Vshr corresponding two line soliton [2, 0] solution {533) 
(blue) with the energy level E (yellow) with parameters: a) aio = — l,Ai = 

e l f = 1.05e*T;a 2 o = -1,T = 1,E = -2e = -2.1; b) aio = -0.1, Ai = 
e 1 ^ ,ni = 4e 1 6';a20 = — 0.1, r = 1,E= —2e = 8; c) aio = 0.1, Ai = e l ~6,fj,i = 
0; a 20 = 0.1, t = 1, E = -2e = 0. 



Graphs of Schrodinger potentials f|5 . 1 3[) (connected with one line [1,0] solitons 
Vschr = — 2u (|5.10[) ) and squared absolute values of wave functions (|5.1ip for 
stationary states with energies E < 0, i? > and = (equation (|1.7[) for 
particle with mass m = 1) for certain values of corresponding parameters are shown in 
FigO One can prove that two wave functions (|5.11|) for all signs of energy correspond 
to stationary states of a particle with opposite to each other conserved projections 
(on direction of valley) of momentum. In all above mentioned stationary states with 
wave functions (|5 . 1 1 1) particle is bounded in transverse direction to potential valley 
and moves freely along the direction of potential valley. 

Two line soliton [2, 0] solution in considered case of kernel Rq of the type (|5.5[) 
with parameters (|5.6p is given by the formula p. 181) . it is remarkable that under the 
condition q = pip 2 this solution radically simplifies. Indeed, due to (I3.24[) condition 
q = P1P2 is satisfied if Ai^ii + \2ti2 = and in this case two line soliton solution (I3.18P 
takes the form (|3.23|) : 

, — Mi) 2 1 <\ 2 - /i 2 ) 2 1 

U \ Z Z t) — — 6 — — = 

V ' ' ' 2Ai/xi cosh 2 glfeM±^2i 2A 2M2 cosh 2 •£*&*£±£™ 

. , l^i - Mil 2 1 , IA2-M2I 2 1 (514) 



2 cosh 2 f>^,s,t)+<hi 2 cosh 2 V2(^z,t)+^2 ■ 

From the relation + A 2 /i 2 = taking into account the first condition (|5.2[) 
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(Ai/Zj = Ai/ii = \2~P2 = = — e) follows /I2/M1 = ^^2/1^1 = A1/A2 and from the 
last relation one obtains 

fi 2 = iTfii, \ 2 =iT~ 1 \ 1 , t = t (5.15) 

with arbitrary real constant r. 

Wave functions corresponding to two line soliton [2, 0] solution (|5.14j) in considered 
case of kernel i?o of the type (|5.5[) with parameters (|5 .€>[) and (I5.7[) - (I5.9[) , under 
condition P1P2 = q, are given by very simple expressions (|3.25[) - (I3.35[) . 



a 





Figure 9. Squared absolute values of wave functions |^ 2,0 J (/ii)| 2 = 
|i/j[ 2 ' 1(— Ai ) 1 2 (green) corresponding to different values of energy E in the 
FigEK^c). 



Graphs of Schrbdinger potentials (connected with two line [2,0] soliton Vschr = 
-2u solutions (|5.14[) ) and squared absolute values \^ 2 ' \pL\)\ 2 = ^'^("^i)! 2 01 
some wave functions from (|3.31[) - (|3.34p for certain values of parameters are shown 
in FigE] and Fig|9] (graphs of |^[ 2 '°1(^ 2 )| 2 = \ip^ 2 '°H— A2) | 2 are similar to graphs of 
I -0 [ 2 '°J (/xi ) 1 2 = \ip^- 2 '°\—Xi)\ 2 but with localization along another soliton valley). 

Calculated via 9-dressing method wave functions (|3.31[) - (|3.34l) at discrete values 
of spectral parameters correspond to possible physical basis states of particle localized 
in the field of two potential valleys. 9-dressing in present paper is carried out for the 
fixed nonzero value of parameter e or, in context of present section, for nonzero energy 
E ^ 0. Nevertheless one can correctly consider the limit e — > in all derived formulas 
and obtain some interesting results also for the case of zero energy E — — 2e = 0. 
Limiting procedure E = — 2e = (ik^k+P-k^k — ► 0, (k = 1, 2) can be correctly performed 
by the following settings in all required formulas: e — > and jiy. — > in cases when 
uncertainty is absent, but — — > — A& in accordance with the relation e — — /ifeA^; in 
addition the formula A2 = it \\ (|5 . 15[) (followed from the relations fik^k = MfeAfe 
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and ^\\\ + /i2<^2 = 0) with arbitrary real constant r is assumed to be valid. The two 
line soliton solution due to (|5.14[) in considered limit has the form: 

|Ai| 2 |A 2 | 2 
2 cosh 2 fiiS^+im 2 cosh 2 y2(»,|)+»02 ' 

the phases ^(z, z) and 0ofc due to (|2.4j) . (|5.9j) . ()5.8j) have in considered limit the forms: 

ip k (z,z,t) = -i{X k z- \ k z + K\ k t- K\ k t), (j>Q k = lnafco. (5.17) 

One can check by direct substitution that NVN-I equation with a = i satisfies 
by u = u = —Vschr/2 given by (|5.16p . but it also satisfies by each item 

of the sum (|5.16p . Thus, in considered case the linear principle of superposition 
u = + it' 2 ) for such special solutions uS x \ (|5.18j) is valid. One can show 
using (I5.15[) , (|5.17p that line solitons and u^ 2 ) are propagate in the plane (x, y) in 
perpendicular to each other directions. Schrodinger potentials Vschr (of the types [1,0] 
and [2,0]) with corresponding squared absolute value wave functions of zero energy 
limit E = are also pictured by graphs of Fig|?l Fig|8] and Figj9l 
5.2 [0, 1], [0,2] line solitons 

The kernels of type i?o H5.5JI with values L = 0; N = 1,2 (i. e. aio = 
0,1 = l,..,L;a' n0 ^ 0, n = 1,2) in (|5.6j) correspond to [0,1], [0,2] line solitons. For 
nonsingular one line [0,1] and two line [0, 2] soliton solutions of elliptic version of NVN 
equation parameters a k ,/j> k ,\ k in general formulas (|3.9j) - ()3.35j) of Section 3 must be 
identified due to (|5.6j) by the following way: 

a k = a k :=a kQ , e = \fi k \ 2 = |A fe | 2 , (A; = 1,2). (5.19) 

Real parameters p k due to p. lip , (|5.6I) and f|5.19[) 

/,; : Afe =a fco cot% :=e*o» > 0, /i fc := A fc e**, (A; = 1,2) (5.20) 



Mfe — Afe 2 

appear as positive constants. The real phases AF(fi k , Afe) = F(fi k )~F(X k ) := (fc 
1,2) are given in considered case by the expressions: 



M) = *[(/■«* - Afc)^ - (/-ife - A fc )z + k(/4 - A|)t - /t(/lf - Afc)t]. (5.21) 

One line soliton [0, 1] solution corresponding to simplest kernel Rq of the type (|5.5p 
with parameters (I5.6P due to (|3.13p and (|5.19l) - (|5.20l) and (I5.2ip is nonsingular line 
soliton: 



2 1 _ 2esin 2 ^ 

_ COSh 2 ^#2I ~ _£ + COSh 2 *±±&i 



(5.22) 



2 wo11 2 

The corresponding wave functions V''°' 1 '(/ i i) = x' ' 1 '(/ i i) eF ^ 1 ^i ■0' 0,1 ' (~ Ai) = 
X [0,11 (-Ai)e F( ^ Al) and ^'^(A) = x^' 11 (A)e- F(A) of linear auxiliary problems 
(|1.2p . (jl.3l) and exact potential Vshr of 2D stationary Schrodinger equation (11.71) with 
energy level E := — 2e have forms: 

V>G«i) = z —r- » ?K-Ai) = — — , (5.23) 

^ ; VA-Ai A + /xi/ 1 + e^+^oi ' v y 
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Figure 10. Potential V$hr 15. 221 1 (blue) with the energy level E (yellow) and 
corresponding squared absolute value of wave function l^ 10 ' 11 (jJ.i) | 2 ifQjjl (green) 
with parameters: a) Oio = — 1, A = 2 — i,5 = ^^-,E = —2e = —10; b) 
do = -1,A = 2-i,5 = f,E= -2e= -10. 



Vschr = - l Al -^l 2 = - 4£S f { Z> ■■ E = - 2e = - 2 ' Al l 2 = - 2 I^| 2 - ( 5 - 25 ) 

COsh 2 cosh 2 s-ii&i ' I II 1^1 V ) 

Graphs of Schrodinger potential Vschr (|5.25[) (connected with one line [0, 1] soliton 
Vschr = —2u solution (|5.22p ) and the squared absolute value of wave function 
f/;! ' 1 ! (/ii) from (|5.23[) for certain values of parameters are shown in FigfTUl a) 
(Vshr)min < E < 0, b) (V S hr) m in = E < (the squared absolute value |^ [0,11 (-^i)| 2 
has the similar form but with localization along another one half of potential valley). 

Two line soliton [0, 2] solution in considered case of kernel kernel Rq of the type 
(pT5j) with parameters ([O]) and (f5TT9|) . (f5T20|) and (jOTj) is given by the formula (pTT8)) . 
It is remarkable that under the condition q = p\P2 this solution radically simplifies. 
Indeed, due to ()3.24j) condition q = P1P2 is satisfied if \\p\ + X2P2 — 0, in this case 
two line soliton solution (|3.18[) takes the form (|3.23[) : 

u{z,z,t) = -e-\ 



cosh 2 MhM)+hi 2 C osh 2 viLhiSrhh 



2esin 2 %- 2esin 2 4^ . x , ,, ,,, 
2 ^ 2 fit = X k e l5 \e= \\ k \ 2 = | Mfc | 2 (5.26) 



cosh 2 pi(*.m)+*oi cosh 2 V2(zr^t)+^ 
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Figure 11. Potential Vgh r corresponding two line soliton [0,2] solution 
H5,26l lfbfue) with the energy level _E(yellow) with parameters: (a) aio = — 1, Ai = 
2 - i, 5i = a 2 o = 1, fa = if , E = -2e = -10; (b) aio = 1, Ai = 2 - i, 5x = 
| ; a 20 =1,52= ?§;E=-2e = -10. 



The corresponding to two line soliton solution (|5.26p wave functions in considered 
case of kernel Rq of the type (|5.5I) with parameters (15 .6[) and (15 . 19[) . (|5 . 20[) and (|5.21|) . 
under condition P1P2 = q, are given by very simple expressions (|3.25|) - (|3.35|) . 




Figure 12. Squared absolute value of wave function |i/>[° ,2 l (/^i)| 2 (green) for the 
different types of crossings of potentials valleys by energy planes in the Fig llll 
(a,b). 



Graphs of Schrodinger potentials (connected with two line [0, 2] solitons Vschr = 
—2u (I5.26I0 and squared absolute value \ip^°^(^i)\ 2 of one wave function from four 
linear independent partners (|3.31l) - (|3.34l) for certain values of parameters are shown 
in FigfTT] and FigfTJ] (the squared absolute values of other wave functions have the 
similar forms but with localization along another three possible halves of two potential 
valleys). In all considered in the present section cases of one line [0,1] and two line 
[0,2] solitons u = u — e and Schrodinger potentials Vschr — — 2u corresponding wave 
functions (FigOJJ FigfTJ]) are not bounded. 

5.3 [1, 1] line soliton 

The kernel of type Rq (|5.5[) with values L = 1; N = 1 (i. e. aio = 1; cl'iq = 1) in 
(|5.6j) correspond to [1,1] line soliton. For this soliton solution parameters ak,/J,k,^k 
in general formulas (|3.9[) - (|3.35[) of Section 3 must be identified due to (|5.6|) by the 
following way: 

a% = —ox := iaxO) e = — A*iAx 

a 2 = a[ = a'x := a' w , ^ = n[, A 2 = Ai, e = K| 2 = |Ai| 2 . (5.27) 

a 2, ^2, P2 in formulas fl3.18[l - (|3.35[l due (|5.27l) must be identified with a[, X[, /![ in 
(|5.5p . Real parameters pi, P2 due to p. lip . (I5.6P and (|5.27l) 

Pi = -a w ^-± := > 0, p 2 = z^o^^ = « 20 cot ^ := e *» > 0, (5.28) 
Mi ~ Ax [i 2 - A 2 2 

appear as positive constants. 

Two line soliton [1,1] solution in considered case of kernel kernel Rq of the type 

(|S~5j) with parameters (|3"TT2j) and (f5T27|) . (|5~28| is given by the formula ([3TT8]) . It is 
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remarkable that under the condition q = P1P2 this solution radically simplifies. Indeed, 
due to (|3.24l) condition q = p\p 2 is satisfied if Ai/ii + \2^2 = 0, in this case two line 
soliton solution (|3.18l) takes the form (|3.23l 

[ , , ) 2 cosh 2 ^ES±hi + 2 cosh 2 ^S+h, 

where | A2 1 2 = \^2\ 2 = — Mi^i = — 7*1^1 = e an d the phases tpi, Lp 2 are given by 
formulas (I5.9p , (|5.21l) . Graphs of Schrodinger potentials (connected with two line [1, 1] 
solitons Vschr = — 2u (|5.29p ) and squared absolute values of some wave functions from 
(|3.31[) - (|3.34[) for certain values of parameters are shown in FigfTSI and Figfl4l (graphs 
of l^t 1 ' 1 ] ( — A2)] 2 and I^jP-' 1 ! (/J.2 ) | 2 are similar to each other but with localization along 
two different halves of corresponding potential valley). 




Figure 13. Potential Vshr corresponding two line soliton [1,1] solution 
J3. 181 (blue) and energy level E (yellow) with parameters a\ = — 1, Ai = le's , fii = 
l.OSeTT ; a 2 = -1, A 2 = 1.0247ef , ^2 = 1.0247e I f , E = -2e = -2.1. 




Figure 14. Bounded l^ 1 ' 1 ' (l^i)\ 2 = |</> ll ' 1] (— Ai)| 2 (a) and nonbounded 
|i/'[ 1,1 l(/i2)| 2 (b) squared absolute values of wave functions (green) given by l|3.31|l - 
1 13. 331 corresponding to potential and energy in the Fig |13l 



In considered in present section case of two line [1,1] soliton u = u — e (|5.29p 
with corresponding Schrodinger potential Vschr — ~2u squared absolute values of 
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wave functions |V'' 1 ' 1 '(Mi)| 2 = IV'' 1 ' 1 ' ( — A i)| 2 are bounded fFiglTik). but the squared 
absolute values of other basis wave functions \^ [1 ' 1] {fi 2 )\ 2 and |V> [1 ' 1] (-A 2 )| 2 are not 
bounded (FiglHb). 

In conclusion of Section 5 let us mention that all constructed in subsection 5.1 
solitons and corresponding wave functions are finite and have appropriate physical 
interpretation. For example, the wave function (|5.12j) of continuous spectral parameter 
A for discrete values of this parameter X — fi\ or X = — Ai coincides with wave 
functions (|5.11j) : for positive values of energy E = — 2e > and A ^ fJ-i,X ^ — Ai, 
under condition |A| 2 = — e = E/2 > 0, the wave function (15.121) corresponds to 
stationary states of nonlocalized on the plane (x, y) particle which do not reflects 
from the constructed potential (|5 . 13[) . In considered in subsections 5.2 and 5.3 cases 
multi line solitons are finite but corresponding wave functions can take infinite values 
in some areas of the plane (x,y), (Fia fT0lfT2lfT4b ) : only for two line soliton [1,1] 
squared absolute values of wave functions |V'' 1 ' 1 '(/ii)| 2 = |V'' 1 ' 1 '( — Ai)| 2 (Fig[TJh) are 
finite. The question of more detailed physical interpretation and applications of exact 
potentials and corresponding wave functions of 2D stationary Schrodinger equation 
will be considered elsewhere. 



6. Periodic solutions of the NVN equation 



The restrictions (12.231) and (I2.24[) on the kernel Rq of the 9-problcm (|2.ip which lead 
to real solutions u = u of the NVN equations (|1.1[) are obtained in section 2 by the 
use of reconstruction formula (|2.18l) 

u = -e-ix-i v = -e + iX-ir, (6-1) 
in the limit of "weak" fields , i.e. X-l m (|6.1[) is calculated from its exact expression 
(|2 . 22[) with approximation x — !• It is shown in section 4 and 5 that reality conditions 
(|2.23l) and (|2.24[) work and lead to multi line soliton solutions of the NVN equation. 

Such use of reality condition was considered in all previous papers (see for example 
[2"2"]-|24|) devoted to constructions of classes of exact solutions of integrable nonlinear 
evolution equations via 9-dressing method. But there is existing possibility of non 
use the limit of weak fields and imposing the reality condition u — u directly to exact 
solutions p,13|) of NVN equation calculated in sections 2, 3 and satisfying only to 
potentiality condition. 

Thus one starts from the general kernel Rq (|3.7|) of 9-dressing problem (with 
parameters (|3.8I) ) which satisfies to potentiality condition xo ~ 1 — or equivalently 
to (|7.17l) . All general formulas (|3.9[) - (13.35[) of section 3 are assumed to be applied 
here. For simplest kernel i?o (|3-7[) with N = 1 the requirements of reality (I6.ip . i.e. 
X-Vq = — X— in? leads due to (|2.22j) and (|3.9j) - f|3.13j) to the conclusion: 



Mi) 



ai{x\ 



Mi) 



X\m 



1 Ai— in 



AiMi 



iai - I 1 e 2 

Al-Mi 



(6.2) 



with the phase ip\ given due to (|2.4p by expressions 
<p 1 (Z,r l ,t)=F( fH )-F(X 1 )=i 
in hyperbolic case and 



(Mi-Ai)e-(--f 
V/ii Ai 



ri+Ki(j4-Xl)t- 



(6.3) 



ifi(z,z,t) = F((j,i)-F(Xi) = i (fj, 1 -Xi)z-(—-^-)z+K(f4-Xl 

V/ii Ai 



_ / e 3 e 3 s 



(6.4) 
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in elliptic case of NVN equation JT7TJ) . The condition (|6.2p of reality can be satisfied 
as for real phase <f\=Tp\ (this case leads to multi line soliton solutions considered in 
sections 4,5) as long as for imaginary phase ip\ = —Tp\. The last case leads to periodic 
solutions of the NVN equation. Hereafter we described separately the cases of the 
hyperbolic and elliptic NVN equations. 

The hyperbolic case. The condition of imaginary phase ipi — —Tpi due to (|6.3|) 
leads to relation: 



(Mi-AiX- 

(Pi-Ai)e-(J 



e e 

fix Ai 

e e 
Mi Ai 



T] + Kx{nl-\\)t - H 2 



Mi 



A? 



v Mi A? 

From space-dependent part of (|6.5j) one obtains the following system of equations 

e e e e 



(6.5) 



Mi — Ai — ii x — Ai, — — — — 

Mi Ai /ii Ai 



(6.6) 



Supposing that /xi 7^ Ai (the solution fix = Ai of (|6.6j) leads to lump solutions, which 
are not considered here, see the papers [23], [24]) one obtains from (|6.6j) the equivalent 
system of equations 

Hi - Ai = ~p 1 - Ai, /iiAi = M1A1. (6.7) 

The system (|6.7p has two solutions: 

l)/xi = -Ai, 2) Ai = A10, jUi = M10 (6.8) 

where A10 and /^io are real constants. One can show that time-dependent part of 
(|6.5[) doesn't lead to new equations and satisfies due to the system (|6.7I) . For solution 
lii = — Ai of the system (|6 . T[) the phase <^i given by (|6.3p is pure imaginary and has 
form: 

,3 ,3 



¥>i(£,^i) 



(Ai+ArX- 



Inserting /ii = — Ai and 



J. + ±.\ V + Kl (A? + A?)t- k 2 + L5) t 
Ai Ai/ VAJ 

into (16.21) one obtains the relation: 



Al Ml \ r 
Mi Ai ^ 1 



Ai 

Ai - Hi 



-i<px.(6.9) 



(6.10) 



which nontrivially satisfies under the condition: 



01 



±i 



Ai - Ml 



A 



±- 



1R 



(6.11) 



Ai + fJ.i Ai/ 

The solution of the NVN equation ([TTj) due to (pTTgl) and (l6~TTj) for the choice 



|di| = ^7 has the form: 



u = —e—lie 



|oi|(A? - A x ) 



Ai 



gi— _|_ giargaig— l — 



X 2 

-e+2e Al « 



Ai| 2 cos 2 ( ^-f 1 



3.12) 



The solution of the NVN equation ([LT]) for |ai| = due to ([2~T8]) and (|6"TT]) has 

the form: 



T-2. 



-e-2ie 



laiKA^-AJ 



IA1I 2 



- e +2e Al « 



1 



e 2 



Ai| 2 sin 2 ( 



2 1 yi-arg ai - 



.(6.13) 
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For the second solution A x = A 10 , \i\ = ^10 of the system (|6.8p pure imaginary phase 
(fi given by (|6.3I) has the form: 

'Pii^V,^ = «[(Mio-AioX-f— — t^)?/+ki(a*io" A io) < - k 2(A — : = «<£i.(6.14) 

L \fl 10 A 10 / \fi 10 A 10 / J 

Inserting Ai = Aio, /ii = /iio and y?i = i(p\ from (|6.14p into (|6.2[) one obtains the the 
relation: 



' A i \ r 



Ai + /ii 
Ai - /ii 



= 0, 



(6.15) 



which nontrivially satisfies for 

i i , Aio — /iio 

|fll1 = A ' 
^io + A*io 

The solution 77, t) of the NVN equation ((TTJ due to (|2"7Tg|) . 
is given by expression: 

(Aio-Mio) 2 1 



(6.16) 
(HSU) and (lB~ra 

(6.17) 



2A 10 Mio cos 2 ( ^ 1+ ^ sai Tf)' 

where = F 7r /4 corresponds to ± signs in (|6.16p . 

9-dressing in present paper is carried out for the fixed nonzero value of parameter 
e. Nevertheless as in subsections 4.1 and 5.1 one can correctly consider the limit 
e — > 0, for this one can set e = Cfc/ifco, (k — 1, 2) (cfe-arbitrary real constant) and take 
the limit e = CkfJ-w — > 0, (fc = 1,2) in all derived formulas. Limiting procedure can 
be correctly performed by the following settings in all required formulas: e — > and 
Mfeo — > in cases when uncertainty is absent, but ^ = — — > ^ in accordance with 
the relations e = c^/z^o and /Z10A10 + /i2oA2o = (13. 24j) ; the last relation is assumed 
to be valid in considered limit. The periodic solution (|3.23[) in the limit e — > takes 
the form: 

C1A10 C2A20 la 1CA 

u = —. —. , (6.18) 

2cos 2 ( yi+ ^ rsai - f) 2cos 2 ( y2+ ^ rsa2 - f) 

where the phases tpki^iVit) due to f|6.14[) are given in considered limit by the 
expressions: 

<Pk(€, V, t) = (-A fc oC ~ c k r] - KxXl t - K 2 clt). (6.19) 

One can check by direct substitution that NVN-II equation ([l.ip with a = 1 satisfies 
by u given by (|6. 18|) . it satisfies also by each item 

CfcAfco 



(A = 1,2) 



(6.20) 



2cos 2 ( yi+a 2 rga " - f) 

of the sum (|6.18p . So in considered case the linear principle of superposition 
u = + for such special solutions l|6.20p is valid. 

The elliptic case. For elliptic version of NVN equation (jl.ll) the condition of 
imaginary phase ip\ = —Tpi given by (16.41) leads to the relation: 

c 3 ^3 . 



<Pi 



(fii - \x)z - (— - )z + n(fj,f ~ Xf)t - k 
\fii Ai 



3 £ 3 

(/Ij - \i)z- ( — - =^)z + 7t(/^ - Ai)t - ^3 - =3 )t 
Mi Ai' ^ 



(6.21) 
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From the space-dependent part of (|6.2ip follows the system of equations: 

Mi - = - J- + Mi — Ai = — — +^-. (6.22) 
Mi Ai Mi Ai 

The solution fii = Ax of (|6.22[) leads to lumps solutions u(£,r),t) of NVN equation 
(II. ip . which are not considered here (see the papers [23], [24] ). Excluding parameter 
e from (|6.22j) one obtains the relations: 

- t Mi - Ai \ Mi _ Ai , . 

e = /i 1 Ai- =^=/i X Ai — , (6.23) 

/ix — Ax Mx — A i 

and their consequence: 

(iMil 2 - |Ax| 2 )(MiAx — MxAx) = 0. (6.24) 
Due to ([6723]) and ([6724]) the system ([6~22]) has the solutions: 

l.e = -|Mi| 2 = -|Ai| 2 , 2.e = AiMi = AxMx- (6-25) 

One can show that time-dependent part of (j6.21[) satisfies by solutions (I6.25P of the 
system (|6.22[) . For both solutions of the system (|6.22|) the pure imaginary ipi given 
by (|6.21[) takes the form: 

ipi{z, z, t) = i[(/ix — Ai)z + (/Jx — Xi)z + — \f)t + 7t(pf - A-Jt] := i<fii(z, z, i)(6.26) 
The condition (|6.2p of reality of it for the first case in f|6 . 25[) gives the relation: 

'^i_MiA r „ „ , i_ ,2^Ai + Mi^' 

v/^x Ax 

which nontrivially satisfies for the following choice of amplitude a\ 

A S 
\ai\ = ± /~ Ml =±tan-; ft := arg( M x) - arg(Ax). (6.28) 
A i + Mi * 



[aie 1 ^ 1 - aie-^1 [l + |oi | 2 f ^1±^) 1 = 0, (6.27) 
L VAx — J 



For |ax| = tanf due to ([2~T8]) and ([675]), (pT25]l - ([6728]) one obtains the periodic 



6 

solution u with constant asymptotic values — e at infinity of elliptic NVN equation: 

lAi-Mil 2 1 2esin 2 | 

u(z,z,t) = -e- L±-m - T — — — = -e+ _ T —-3—, (6.29) 



cos2 ( yx+^gCax) ^ " ' ^ ^^pi+ar^ 



and for ai| = — tan | another periodic solution 

lAi-Wil 2 1 2esin 2 f 

u(z, z, i) = — e — - — - — t— — ^ r-T = -e+ 7^ V^T- 6 - 30 

2 sin 2 ^i+^(°i) ) sin 2 - 

The condition (|6.2p of reality of u for the second case in (|6.25l) gives the relation: 

hi !*) [ 0ie i* + Sie -^il [1 _ | ai |2(^±ifi) 2 j = o (6 . 31) 
Mi Ai / L VAx -Mi y J 
which satisfies for 

|ax| = ±^-^. (6.32) 
Ax + Ml 

For the second case in (|6.25|) periodic solution u(£,,n,t) for the NVN equation (|l.ip 
due to ([2718]) . ([6726]) . ([6732]) has the form: 

A i u 2 1 . . 
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where =F 7r /4 corresponds to ± signs in (|6.32l) . 

<9-dressing in present paper is carried out for the fixed nonzero value of parameter 
e or, in context of present section, for nonzero energy £ / 0. Nevertheless as in 
subsections 4.1 and 5.1 one can correctly consider the limit e — » in all derived 
formulas and obtain some interesting results also for the case of zero energy E = 
—2e = 0. Limiting procedure E = — 2e = —fXkXk ~ MfcAfc — > 0, (k — 1,2) can be 
correctly performed by the following settings in all required formulas: e — > and 
[ik — > in cases when uncertainty is absent, but — > in accordance with the 
relation e = /ifcAfc; in addition the formula A2 = ir \\ (followed from the relations 
MfcAfe = /ifcA/c and fii\\ + /12A2 = 0) with arbitrary real constant r is assumed to be 
valid. The periodic solution due to p.23[) in considered limit has the form: 



|Ai| 



|A 2 



2cos 2 ( ^ 1+ ^ rgai - f) 2cos 2 ( ^ 2+ ^ rsa2 - f)' 

the phases (f>k{z, z, t) due to (|6.26|) have in considered limit the forms: 

(f k (z,z,t) = ( - A fe z - Afez - KAfet -K\ k t). 

One can check by direct substitution that NVN-I equation (jl.lj) with a 
by u = u = —Vschr/2 given by (|6.34[) . but it also satisfies by each item 

|A,| 2 



,(*) 



(k = 1,2) 



(6.34) 

(6.35) 
i satisfies 

(6.36) 



2cos 2 ( yfc+a 2 rsafc - f) 

of the sum (|6.34|) . Thus, in considered case the linear principle of superposition 
u = + i^ 2 * 1 for such special periodic solutions u^jvP' (I6.36|) is valid. One can 
show using relation A 2 = zt _1 Ai, (|6.35p that periodic solutions and are 
propagate in the plane [x, y) in perpendicular to each other directions. 





Figure 15. a)Periodic solution u(x,y,t = 0) 116.291 1 (blue) and the squared 
absolute value of corresponding wave functions |V>(mi)| 2 = l^(-^l)| 2 S^JEl 
(green) with parameters arg(ai) = ^ , Si = ^ , Ai = 1 — 0.5i, e = 1.25, b)Two- 
periodic solution u(x,y,t = 0) 1 13. 231 1 with parameters arg(ai) = 81 = ^, Ai = 
1 - 0.5i; arg(a 2 ) = f,<5 2 = f,A 2 = 0.1 - 1.11355i,e = 1.25. 



Last two figures, FigfT5]a) and FigfT5]b), demonstrate the simplest one - (N=l in 
kernel Ro (J3TTJ)) and two-periodic (N=2 in kernel i?o Q3.7JI ) solutions of NVN equation 
(jl.ip calculated by the formulas (|6.29p and (|3.23l) under certain values of corresponding 
parameters. It is assumed also that for two-periodic solution the condition (|3.24p 
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of splitting the solution (|3.18l) into two terms is fulfilled. All constructed in the 
present section periodic solutions evidently are singular. The further study of periodic 
solutions of NVN equation in the framework of 9-dressing method will be continued 
elsewhere. 



7. Solutions of NVN equation with functional parameters 

Constructed in the previous sections multi line soliton and periodic solutions can be 
embedded into more general class of exact solutions with functional parameters. Such 
solutions correspond to degenerate kernel Ro(fi,,~p; A, A) of 9-problem (|2.ip 

N 

R Q (n,-p,X,X) =7T^/fe(/i,/Z)3fc(A,A). (7.1) 
fe=i 

As in section 2 one can easily derive general determinant formula for the class of 
exact solutions u(£, rj, t) with constant asymptotic value — e at infinity with functional 
parameters of the NVN equation (|1.1|) . Indeed, inserting ()7.1|) into (|2.20|) and 
integrating one obtains 

x(A) = i + .f>(^) / / ^0_ gk{ ^^ )e -n^ (7 . 2 ) 

k=l c 

where 

h k (S,v,t):=f J X (p,-p)e FM fk(^Jl)d^AdJI. (7.3) 

c 

From (|7.2[) , (|7.3[) follows the system of linear algebraic equations for the quantities hk- 

N 

J2Aikh k = a u {l = l,---,N) (7.4) 

k=l 

with 

<*l(£,ri,t) ■= J J M^-p)e FM d[iAdp (7.5) 
c 

and matrix A is given by expression: 



Aik :=S lk +7r J J dXAdXj J r^__^___ /; ( A ,A) 5fc (A',A'). (7.6) 

c c 
Introducing the quantities 

m,V,t)~ I [ 9i(X,X)e- F ^dXAdX (7.7) 



c 

one can rewrite the matrix Aik (|7.6[) in the following form: 

Aik = 5 lk + -d^atfk- (7.8) 

The functions ak(^,n,t), /3fc(£,77,t) given by (|7.5p and (|7. T[) are known as functional 
parameters. By the definitions (|2 .4[) and (|7.5|) . (|7.7j) the functional parameters a n and 
(3 n to the following linear equations are satisfy: 

a<r, = ctnt + + K 2 a nrjvv = 0, (7.9) 
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Pn£ V = ePn, Pnt + + ^rvq-q-q = 0. (7-10) 

From (|2.22p and (|7.4[) - (|7.7p follows compact formula for the coefficient X-i of the 
expansion (|2 . 1 1 1) 

1 N 1 N N FlA 

x-x = ~E**a - 4 E A - aih = 1 E - 

= iTr^- 1 — ) = i^(lndetA). (7.11) 

Here and below useful determinant identities 
BA 3 

Tr(—A~ 1 ) = — ln(detA), 1 + trB = det{l + B) (7.12) 

are used. The matrix B in the last identity of (I7.12j) is degenerate with rank 1. 
Using reconstruction formula (I2.18[) and the expression (17. lip one obtains general 
determinant formula for the solution u with constant asymptotic values — e at infinity 
with functional parameters a k (^,rj,t), (3 k (£,r],t) (given by (|7.5[) . (|7.7[l ) of the NVN 
equation (JTTTJ) : 

d 2 

"(6 V, t) = -e- ix-iq =-e+ In det A. (7.13) 

Potentiality condition (|2.25p due to (17.11) . (|7.3p - (|7.7p also can be expressed in 
terms of functional parameters 

N N N 

X° - 1 = -Ye E ^ = E A = - 2k E = ( 7 - 14 ) 

fc— 1 k,m— 1 fc,m— 1 

where degenerate matrix _B with rank 1 is defined by the formula 

B mk = a m P kn . (7-15) 
Due to (|2.25l) and (I7.15P potentiality condition (I7.14p takes the form 

N 

0= J2 A^B mk =tr[A- 1 B)=det{BA- 1 + (7.16) 

fc,m— 1 

here matrix BA~ l is degenerate of rank 1 and in deriving the last equality in (|7.16|) 
second matrix identity (|7.12p is used. So due to (|7.16p the potentiality condition takes 
the following convenient form: 

det{A + B) = det A. (7.17) 

Important class of exact multi line soliton solutions of the NVN equation 
can be obtained from solutions with functional parameters by the following choice of 
the functions f k (fj,,~p), <?fc(A, A) in the kernel Ro (|7.ip : 

fk{ l x,-p) = 5{ l x-M k ), g k (\,\)=A k 6(\-A k ). (7.18) 

Inserting (|7.18p into (|7.6p one obtains 

Alk = 5 lk + 2l A \ e F(M l} -F(A k )_ (719) 

lk ih Mi — A fe y ' 

For the matrix B due to (|7.ip . (|7.7p and (17.151) . (|7.18p one derives the expression: 

B lk = aA v = -^l Ak e F ^- F ^l (7.20) 
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The main problem in construction of exact solutions of the NVN equation 
is an "effectivization" of general determinant formula (|7.13[) by satisfying to the 
conditions (I2.23|) . (|2.24[) of reality and to the condition of potentiality (|2.25p or (|7.17j) 
of operator L\ in (|1.2[) . In order to satisfy to the condition of potentiality (|2.25p the 
terms in the sum (|7.1[) for the kernel Rq can be grouped by pairs. Indeed, inserting 
the expression Rq — 7rpi(/i, /l)<Zi(A, A) + 7rp2(M, m)?2(A, A) into (|2.25[) and performing 
the change of variables fi <-> —A in the second term one obtains in the limit of weak 
fields (x = 1 in the equality ([2^25]) ): 



Pi(M,M)<?i(A, A) p 2 (-X,-X)q 2 (-fJ,, -/x) 



A 



e FM - FW dfiAdpd\AdX = 0.(7.21) 



The relation (|7.21|) will be satisfied if \pi{^ 1 [i)qi(\, A) = j;P2{— A, — A)</2(— Mi — m)i or 
separating variables, if 

gi (A,A) _ ga(-A*,-7f) =c (7 22) 



Ap 2 (-A, -A) MPi(M)M) 
where c is some constant. Due to (|7.22p p 2 & n d 92 through and <?i are expressed 

P2(A, A) = — i<?i(-A, -A), <? 2 (m,m) = -7*)- ( 7 - 23 ) 



So to the potentiality condition (|2.25p due to (|7.23l) is satisfied the following kernel 
Ra(ji,TI, A, A) = tt^ (pk{^Ti)qk{\ A) + gfcl /i ' MJ Ap fc (-A, -A)) (7.24) 



(j>k(M,M)gfc(A, A) + — — 
fc=i M 

i?o °f the 9-problem (|2.ip with TV pairs of correlated with each other terms. 

The conditions (|2~23| and (|2~24|) of reality u = u give further restrictions on the 
functions pk and <?fc in the sum (17.241) . It is convenient to perform the calculations of 
these restrictions and exact solutions u(£, 77, t) separately for Nizhnik a 2 = 1, £ = .x+y, 
?7 = x — y and Veselov-Novikov er 2 = — 1, £ = z = 2; + iy, 77 = z = x — % versions of 
the NVN equation flTTJ). 

8. Exact solutions with functional parameters of NVN-II equation 

Let us consider at first the case a 2 = 1 of real space variables ^ ^ x + y, n — x ~ y 
or hyperbolic version of the NVN equation (|l.ip . To the condition (|2.23l) of reality 
u = u one can satisfy imposing on each pair of terms in the sum (|7.24j) the following 
restriction: 

p n (n,~p)q n (X, A) + —q n (-ii, -~p)Xp n (-X, -A) = (8.1) 

= Pn(-M> ~A*) Qn(~X, -A) + -q„(ji, n)Xp n (X, A). 

A* 

Due to (|8.ip two cases are possible 



8.A p n (ji, n)q n (X, A) = p n (-fi, -/i) q n (—X, —A), (8.2) 

1- 



.5. p„(/x, n)q n (X, A) = -q n (n, n)Xp n (X, A). (8.3) 
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In the case 8. A by separating variables 



Pn(ji,fJ>) _ <?„(-A,-A) _ ^ 



-M) 9n(A,A) 

one obtains the following restrictions on the functions p n (p,,~p) and <Zn(A, A) 



p„(/i,/z) = c„p n (-/i, -/x), g„(A,A) = — g„(-A, -A). (8.5) 



Constants c„ in (I8.5P without restriction of generality can be chosen equal to unity. 
In the case 8.B by separating variables 



fj.p n (fi,n) = Ap„(A, A) = _ x 
5n(M,M) 9" (A, A) 
one obtains the another restrictions on the functions p n (p,~p) and </ n (A, A): 



g„(A, A) = Ac„p„(A, A). (8.7) 

The constants c„ in (|8.7|) due to (|8.6|) are real. 

In applying general determinant formula (|7. 1 3[) for exact solutions u one must 
to identify the corresponding kernels (I7.1[) and (j7.24j) . For the case 8. A taking into 
account (|7.24[) and (|8.5|) one has: 

JV 

R (n,~p, A, A) = tt^ f n (n,Jl)g n (X, A) = 

n=l 

= (p n (^,~p)q n (\, A) + -q n (p,fj,)Xp n (X, A)) (8.8) 

n— 1 ^ 

and from (|8.8[) one can choose the following convenient sets / and g of functions /„, 

9n- 

f ■= (/i,---,/2w) = {PiitJ-.V),- ■ ■ .Pn^.V)] -9i (Jl,(jl),... ,-qN{~p, At)), (8.9) 



.9 := (Si, • ■ • :52Ar) = (gi(A,A),...,giv(A,A);Api(A,A),...,Apjv(A,A)). (8.10) 

Due to definitions (|7.5|) , (|7.7|) and (|8.9|) , (|8.10f) taking into account (|8.5j) one can derive 
the following interrelations between different functional parameters: 

p n (n,J[)e F ^ ) dfj,Adp = c^, /3 n := [ [ q n (\,\)e- FW d\Ad\ = /£, (8.11) 



n.\_„ := / / V(/j,/i)e FW (i/iArf/i = ^ n „ (8-12) 



(3 N+ n-= \ Pn (\,\)e- FW d\Ad\ = ia ni , (n = 1, . . . , iV).(8.13) 



So due to (|8.1ip - (|8.13l) the sets of functional parameters have the following structure: 

(ai,..., a 2 jv) : = (a 1 ,...,ajv;- J 8i„,...,-j9j V „) (8-14) 

e e 

(/3i, . . . ,^2w) := (jSi, ■ ■ ■ ,p N ;icti£, ■ ■ -,icx Ni ) (8.15) 
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i.e. both sets express through 2N independent real functional parameters (oi, . . . , Ojv) 
and (ft,..., P N ). 

General determinant formula (|7.13p with matrix A (|7.8p corresponding to the 
kernel Rq (|8.8I) of the 9-problem (|2.ip gives the class of exact solutions u with 
constant asymptotic value — e at infinity of hyperbolic version of the NVN equation 
p.ip . By construction these solutions depend on 2N real functional parameters 
(ai,...,ajv) and (f3i, ...,/? n) given by (|8.14p . (|8.15p . In the simplest case N = 1 
(0:1,0:2) := (ai, -p\n)i {fiiifiz) ■— (fli,i a iz) the determinant of A due to (|7.8p is 
given by expression 

det A = (1 + \d7 l a x !3x) (l - idrV^) + ^-o^dZ 1 ^^ = 

l + ^- 1 a 1 /3 1 -^) 2 = A 2 . (8.16) 
The corresponding solution u due to f|7. 13|) and (|8.16p has the form: 

»7) *) = -e+^(ai»j/3i-^ai5/3i w )-^^(Q:i/3i-^ai5/3i J) )(ai^/3i J) -ai/3i w ).(8.17) 
For the delta-functional kernel i? of the type ([8~%f with 

p n {^,V) = S(p - iftno), 9n(A, A) = a n X nQ 5(X - iX n0 ), n = l,...,N (8.18) 

the general determinant formula 1 3[) leads to corresponding exact multisoliton 
solutions. In the simplest case of TV = 1 from (|8.11l) one obtains the functional 
parameters a x = -2ie F( - l ^ 10 \ /3i = -2iai\i e~ F( - lXl ^ and from (|8TT|) . under the 
condition ai ( Al0+Ml0 ' 1 = — e Vo < 0, the exact nonsingular line soliton solution of the 
hyperbolic NVN equation: 

U(M = ^ - 2A 10 , 10 cosh2 ^|±^ (8A9) 
where the phase (p has the form 

p(£,»7,t) := F{inio) - F(i\ 10 ) = 

3 3 

= (Am - Mio)£ + (y ~)v - «i( A ?o - Mio)* - ^(^r - -V)*' ( 8 - 2 °) 

For the case 8.73 taking into account (|8.7p and identifying expressions for i? given 
by (fTTTT) and (ITHM)) one obtains 

JV 

R (fJ.,~p, A, A) =7r2j/„(/i,7i)3 n (A,A) = 

n=l 

iV 

= 7r^ ^c n p n (^,/l)Ap„(A, A) - c„p„(-7i, -/i)Ap„(-A, -A)^). (8.21) 

From (|8.2ip one can choose the following convenient sets f,gai functions /„, g n : 
I ■= (/i,---,jW) = (pi(n,Ji), . . . ,p N {fi,~p);pi(-p,, -p),...,p N (-pZ,-p)), (8.22) 

g-=(gi,-- -,92n) = 

(ciApi(A, A), . . . , c N Xp N (X, A); -ciApi(-A, -A), . . . , -c N \p N (-\, -A)). (8.23) 
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Due to the definitions (17.51) . (|7.7p and (I8.22j) . (I8.23P one derives the interrelations 
between different functional parameters: 



p n (fi,fi)e FM dfiAdJl,l3 n := J J c n Xp n (X,X)e F{x) dXAdX = ic n a nti , (8.24) 

c 

pjPp, -n)e FM d[i Adp = a^, (8.25) 
/W = - / / c n X Pn (-X,-X)e- F ^dXAdX=Ti n , (n = N). (8.26) 



O-N+n 



C 

So due to f|8 . 24|) and (|8.25j) . (|8 . 26[) the sets a, j3 of functional parameters 

a := (ai,a 2 , ■ ■ . , a 2 N) = (ai, . . . ,a N ;W[, . . . ,a]v), (8.27) 

P '■= {Pufc, ■ ■ ■ j /?2Jv) = («ciSi 5 , . . . ,ic N a Ni ; -ic\a\^ . . . ,ic N a Ni ) (8.28) 

express through the N independent complex parameters (ati, . . . , ajv)- 

General determinant formula (|T. 13[) with matrix A given by (17.81) with kernel 
Ro (|8.23j) of the 9-problem (|2.1j) gives another class of exact solutions with constant 
asymptotic value at infinity of the hyperbolic version of the NVN equation (fTTTj) . 
By construction these solutions depend on N independent complex parameters 
(c*i, . . . , ajy) given by (|8.27|) . (|8.28[) . In the simplest case N — 1 (a^aa) := 
(ai,ai), '■— (iciaig, — iciaif ) the determinant of A due to (|7.8|l is given 

by expression 

det A = (1 + 2^5-i ai a ie )(l - ^^c^aT) - = (8.29) 

= (1 + ^S-^Qia^ - «i C Si)) 2 = A 2 . 

The corresponding solution u due to 13[) and (|8.29p has the form: 

ic c 2 
v-i^Vit) = -e+ ^( ai n®H ~ ^iri a u) + ^^( a ^H ~ «i Q: ic)( Q; i»?«i _ ai n ai).(8.3Q) 

For the delta-functional kernel of the type (|8.21[) with 

p n (fj,,Jl) = 5(p - iX n ), n=l,...,N (8.31) 

general determinant formula 1 3[) taking into account (|8.22[) - (l8.28p leads to 
corresponding exact multi line soliton solutions. In the simplest case of N = 1 
from (|8.24p one obtains the functional parameter a\ — —2ie F ^ Xl ^ and due to (|8.30D 
corresponding exact solution u, under the condition Cl A ^ R = e Va > 0, is the one line 
nonsingular soliton: 

<t SeciAgAie^) 2eA 2 1 

u «.»7.*;- e + | A | 2(1 + c^ eV( ^ t ) )2 - e+ | A p cosh 2^1±£o ^ 

where the phase has the form 

3 3 

i) = * [(A - A)£ - (= - + * a (A 3 - X 3 )t - «a (Jj - ^)t] . (8.33) 
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9. Exact solutions with functional parameters of NVN-I equation 

Let us consider also the case a 2 = — 1 of complex space variables £ = z = x + iy, 
rj = z — x — iy or elliptic version of the NVN equation ([L~T]) . To the condition (f2T24)) 
of reality u = u one can satisfy imposing on each pair of terms in the sum (|7.24[) the 
following restriction: 

p n (fi,~p)q n (\, A) + -q n (-fi, -~p)\p n (-\, —A) = 



Ty=Z.Pn(~ =,-t) Qn(~ = ,~-) + , ■ ,^ ,? T _ Mn( = , ^)-Pn( = , ~) ■ (9.1) 

2 \ll V A A/ V u a) X 2 li 2 Au VA A/ u Vu a/ 



|A| 2 |/i| 2 A7/"V A' A^-V /I' llJ ■ |A| 2 |m| 2 A7I "'VA' A/^"V7l>, 
Due to (|9.ip two cases are possible 



9.A Pn (Li, fi)q n (\, X) = — — — T=-zPn{ - =,— r ) ?«( - =, — ), (9.2) 

|A| 2 |^| 2 A/i V A A/ V // fxJ 

e 3 A 



9.S. p n (fj,,iJ l )q n (X,X)= q n (=, T P» (=,- ■ (9.3) 

|A| 2 |/i| 4 A VA A/ V/i /i/ 

In the case 9. A separating in (|9.2p the variables 



(9.4) 



P»()»,m)Im| 2 M = e 3 Pn(- = ,-j) _ _j 
^F|~=|) " |A| 2 A ?n (A,A) " C " 
one obtains the following relations on the functions q n and p n : 

p n (fj,,-p)= 1 g„(- = ,--), ?n(A,A) = -^=P„( - =,-t)- (9-5) 
c„|^|> \ fi fiJ |A| 2 A V A A/ 

Comparing two relations in (j9.5[) one concludes that constant c n are pure imaginary: 
c n = i a n . In applying general determinant formula 1 3[) for exact solutions u one 
must to identify the corresponding expressions (|7.ip and (j7.24j) for the kernel Rq, due 
to relations (|9.5[) one obtains 

JV 

i?o(/i,7i, A, A) = 7T y~] f n (n, -p)g n (A, A) 



V 



= Trg (p«(/^)^>n(- - 1^-^(1, i)Ap„(-A, -A)). (9.6) 

From (|9.6[) one can choose the following convenient sets f,goi functions /„, g n : 
/:=(/!,..., / 2W ) = (px(M, 70, • • • ,pnQ*, 70; y^Pi (^) > • • • . ^ (^)) , (9.7) 



.3„, ; 2 FT" c 3 



9 ■= (9i,---,92n) = (i^=pi( - =,~T ) '7777?^ 



iapa^v a' Ai'-' ! pfl m rr^ 

—iaiXpi (— A, — A), . . . , — ia^XpNi— A, — A)V (9-8) 

Due to definitions (|7.5|) . (|7.7|l and (|9.7j) . (|9.8|) taking into account (|9.5|) one can 
derive the interrelations between different functional parameters: 

p n (ii,-p)e FM d(i A dp, (9.9) 
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P n :=ta n e 3 J J J^p n (-£ -L) e - F M d \ A d \ = (9.10) 

= -a n ed z / / p n {\ X)e F ^dX A dX = -ea n a nz , 



a N+n := \ \ -T—rrPn(=, -)e F{tl) d^i A dp = e / / p n (fi, p)e F{ ^dp A dp = ea n , (9.11) 



lMl 4 ~ > A* 



/3at + „ := -i I / Aa„p n (-A, —X)e~ F ^ dX AdX = a n a nz , (n = l,...,N). (9.12) 



So due to (|9 .9[) - (|9 . 1 2|) the sets of functional parameters 

(ai, . . . ,a 2 Ar) := (ai, . . . , ocn, eaT, . .., eaW) (9.13) 

(Pt,fh, • • • ,/?2iv) = (— eaiaiz, . . . , -eajvajvz; aiau, . . . , ajvajvz). (9.14) 

are express through N independent complex functional parameters (ai, . . . , ccn). 

General determinant formula (|7. 13[) with matrix A (|7.8p corresponding to the 
kernel Rq (|9.6j) of the 9-problem (|2.ip gives the class of exact solutions u with constant 
asymptotic value -e at infinity of the elliptic version of the NVN equation (jl.ip . By 
construction these solutions depends on N complex functional parameters ot\, . . . , ajv- 
In the simplest case AT = 1 (0:1,0:2) := (ai,eai), '■= (— eaioiz, aiaiz) and 

due to (|7.8[) the determinant of A is given by expression: 



det A = (1 - ^i!a- 1 (a 1 o7 lz ))(l + ^!fl-i( 5l ai,)) + 4?l a i| 4 
2 2 lb 



u(z, z, £) = -e + 7r!r(l a ^| 2 ~ l a i^! 2 ) ~ ^rl^i^iz ~ aiaizl 2 - (9-16) 



1 - ^d-\ ai a u ) + ^K| 2 ) 2 = A 2 . (9.15) 
The corresponding solution u due to (|7.13l) and (19. 15)) has the form 

i 2 e 2 

2A vl " lz| ~™ J ~8A2 
For the delta-functional kernel of the type (|9.6[) with 

p n (/i,/l) = - /i„), n=l, ...,iV (9-17) 

and A„7I n = p n X n = — e, general determinant formula (|7. 13|) taking into account (|9.7jl - 
(I9.14p leads to corresponding exact multi line soliton solutions. In the simplest case 
of N = 1 from (|9.9I) one obtains the functional parameter a\ = —2ie F ^ 1 ' and due to 
(|9.16l) corresponding exact solution u, under the condition ea± = —e Vo < 0, is 

the nonsingular one line soliton: 

u(z,z,t) = -e + |Al '/ l|2 , (9.18) 

2 cosh 2 ^ z - z 2 f )+^ 

where the phase ip has the form 

<p(z,z,t) = - Ai)z - (7^ - Xi)J+ K(pl - Xf)t - -X x )t\. (9.19) 
In the case 9.B separating in (|9.3j) the variables 

(9.20) 



e 2 p„(f) A 2 9«(A,A) 
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one obtains the following relations on the functions q n (\, A) and p n (fi,Jl): 



Pti(MjM) = Cn-r-7iPn(=, -), <7n(A, A) = <?„(=, ~). (9.21) 

|/i| 4 \fi n> C „A V A A/ 

The constants c n in (19.201) . (|9.2ip without loss of generality can be choosen equal to 
unity. In applying general determinant formula (|7.13l) for exact solutions u one must 
to identify the corresponding expressions (|7.ip and (|7.24l) for the kernel Rq 9-problcm 
(12. ip . In the considered 9.B case taking into account ()9.21|) one obtains from (|7.ip 
and (j7T24| : 

JV 

Ro(n,-p,\,\) = it ^2 fn(n,~p)g n {\ A) = 

n=l 

JV 



= Trg (j>n(n, m)<7«(A, A) + - ='-J) A ^«(- 4))' ^ 

From (|9.22p one can choose the following convenient sets /, <? of functions /„, g n : 
f ■= (/i,---,/2jv) = (pi{v,TI),---,Pn((J>,'P)-, 

-4zQi (-=,--), ■■■,-^Qn( -=,--)), (9.23) 
9 ■= (9u ■ ■ -,92n) = (qi(\ A), . . .,q N (X,X); 



,2 



A A v A A/ A A v A A// 

Due to definitions (1731) . (17771) and (|9"7Z3l . (HEM)) taking into account (l9~2"Tj) one 

can derive the interrelations between different functional parameters: 

otn := y y |^p„(^,^)e F( ^d/iA4r = y y^7^)e F ^^7X^ = S„, (9.25) 



C 



/?« := 



y y :^g n (|,£)e~ F ( A ^AAdA = y y ^(A.Aje F( t>dA A dA = -^n«,(9-26) 



a N+ n-= I I — q n (- L--)e F{t * ) d[iAdJI= --f3 nz , (9.27) 
c 

2 



Pn+u-= j j ^ P n(- =,-j)e~ F{x) d\Ad\ = ia nz , (n=l,...,N). (9.28) 



c 



A A v A 
From (|9~26| it follows that 

Pnz = ~P nz = ~P^, (n=l,...,N). (9.29) 
So due to (|9.25D - (|9.29D the sets of functional parameters 

i i 

(a x , . . . ,Q!2Jv) := ("i, • • ■,««; -Pis, •••> -Pnz) (9.30) 

e e 

(Pi, P2, ■ ■ - ,P2n) — (Pi, ■ ■ ■ ,pN]i Otlz, ■ ■ ■ ,iotN X ). (9.31) 
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are express through 2N independent functional parameters (pt\, . . . , ajv) and 
(fii,...,0 N ) given by ^B'^M- 

General determinant formula 13[) with matrix A (|7.8p corresponding to the 
kernel Ro (|9.22p of the 9-problem (|2.ip gives the class of exact solutions u with constant 
asymptotic value — e at infinity of the elliptic version of the NVN equation ([EI]) , 
By construction these solutions depend in fact due to (|9.29j) on N real functional 
parameters a\, . . . , cw and N real functional parameters i/3rz, . . . , iPnz- I n the 
simplest case N = 1 (ai,a2) := (ai, f /?iz), (/3i,/?2) := the determinant 

of A due to (|7.8[) and (|9.30p . (|9.31[) is given by expression 

detA = (1 + ^-VA)(1 ~ ^fl," Wis) + ^ = 

= (1 + - ^«i/3i-) 2 - A 2 . (9.32) 

Using identity d~ 1 (ai(3i) — 9^ 1 (oT/3i) = (which is valid due to the relations 

(|9.25[) - (|9.29[) ^l one obtains explicitly real expression for detA: 

detA = (1 + idjViA) + = A 2 . (9.33) 

Using (|9.33[) one calculates by (|7.13[) the corresponding exact solution 

u = -e+ -^([aiP\)z + (al/3i) 2 ) - (aiPi + ^-ai z /3 u ^ (aifii + |a E fcj .(9.34) 

For the delta-functional kernel of the type (|9.22|) with 

p„(fJ,,~p) =i6(fi- fJ, n ), q n (X, A) = -ia n X n S(X - A„), (n = 1, . . . , N) (9.35) 

with \/i n \ 2 — |A n | 2 = e and real constants a n = a^ general determinant formula 
(|7.13p taking into account (|9.23p - (|9.3ip leads to corresponding exact multi line soliton 
solutions. In the simplest case of N = 1 from (|9.25[) - (|9.26p one obtains the functional 
parameters a\ = 2e F ^ 1 \ fi\ = — 2aiX\e^ Ft ^ Xl ^ and due to (|9.34[) corresponding exact 
solution u, under the condition i a ^ 1+Xl = —e Vo < 0, is nonsingular line soliton: 

2 sin2 (I) 

u(z,z,t) = -e + e -. I 2 ' 9.36 

cosh 2 ( y(z ' z if +y ° ) 

where S = arg/ii — argAi and the phase <p has the form 

ip{z,z,t) = i[(fn - Ai)z - (7i! - Xi)z + k(/4 - Af)t — 7c(7if - A x )t]. (9.37) 



10. Conclusions and Acknowledgments 

The powerful 9-dressing method of Zakharov and Manakov, discovered a quarter of 
century ago, continues to develop and successfully apply for construction of exact 
solutions of multidimensional integrable nonlinear equations. The realization of 
the method goes due to basic idea of 1ST through the careful study of auxiliary 
linear problems by the methods of modern theory of functions of complex variables. 
Following this way one constructs exact complex wave functions (with rich analytical 
structure) of linear auxiliary problems and by using the wave functions, via 
reconstruction formulas, exact (or solvable) potentials - exact solutions of integrable 
nonlinear equations. 

Constructed in the paper exact solutions of hyperbolic and elliptic versions of 
NVN equation (JTTTJ) as exact potentials for one-dimensional perturbed telegraph (or 
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perturbed string) and 2D stationary Schrodinger equations (|1.6p respectively together 
with calculated exact wave lunctions may find an applications in modern differential 
geometry of surfaces and in solid state physics of planar nanostructures. Interesting 
problem of quantum mechanics of particle in the field of multi line soliton potentials 
will be discussed elsewhere. 

This work was supported by: 1. scientific Grant for fundamental researches of 
Novosibirsk State Technical University (2009); 2. by the Grant of Ministry of Science 
and Education of Russia Federation (registration number 2.1.1/1958) via analytical 
departmental special programm "Development of potential of High School (2009- 
2010)"; 3. by the international RFFI and Italy Grant for scientific research (2009). 
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